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Abstract 

We construct exact solutions of the Einstein-Dirac equation, which couples 
the gravitational field with an eigenspinor of the Dirac operator via the energy- 
momentum tensor. For this purpose we introduce a new field equation generalizing 
the notion of Killing spinors. The solutions of this spinor field equation are called 
weak Killing spinors (WK-spinors). They are special solutions of the Einstein- 
Dirac equation and in dimension ti = 3 the two equations essentially coincide. It 
turns out that any Sasakian manifold with Ricci tensor related in some special 
way to the metric tensor as well as to the contact structure admits a WK-spinor. 
This result is a consequence of the investigation of special spinor field equations on 
Sasakian manifolds (Sasakian quasi-Killing spinors). Altogether, in odd dimensions 
a contact geometry generates a solution of the Einstein-Dirac equation. Moreover, 
we prove the existence of solutions of the Einstein-Dirac equations that are not 
WK-spinors in all dimensions n > 8. 
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Introduction 

In this paper we study solutions of the Einstein-Dirac equation on Riemannian spin 
manifolds which couples the gravitational field with an eigenspinor of the Dirac operator 
via the energy-momentum tensor. Let {M"',g) be a Riemannian spin manifold and 
denote by Sg its scalar curvature. The Dirac operator D acts on spinor fields ^p, i.e., on 
sections of the spin ^ bundle over M". We fix two real parameters e = ±1 and A G R 
and consider the Lagrange functional 

W{g, ij) := J {Sg + e{X{ij, V) - {Dgi;, ij)})fig. 

The Euler-Lagrange equations are the Dirac and the Einstein equation 

DgiP = Xil; , Ricg - ^Sgg = I r(g^^)^ 

where the energy-momentum tensor T^g.^) is given by the formula 

T^g,^){X,Y) :=(X.Vf.V' + l'-V^^,V). 
The scalar curvature S is related to the eigenvalue A by the formula 

n — 2 

The Einstein-Dirac equation describes the interaction of a particle of spin ^ with the 
gravitational field. In Lorentzian signature this coupled system has been considered by 
physicists for a long timeQ. Recently Finster/Smoller/Yau investigated these equations 
again (see [9] - [13]) and constructed symmetric solutions in case that an additional 
Maxwell field is present. 

The aim of this paper is the construction of families of exact solutions of these equations, 
i.e, the construction of Riemannian spin manifolds {M^,g) admitting an eigenspinor 
■0 of the Dirac operator such that its energy-momentum tensor satisfies the Einstein 

^see, e.g., R. Bill and J. A. Wheeler, Interaction of neutrinos and gravitational fields. Rev. Mod. 
Phys. 29 (1957), 465-479. We thank Andrzej Trautman for pointing out to us this reference. 
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equation (henceforth called an Einstein spinor) . We derive necessary conditions for the 
geometry of the underlying space to admit an Einstein spinor. The main idea of the 
present paper is the investigation of a new field equation 

VxV- = ^, ""..^ dSiX)^ + \ Ric{X) . ^ - -^X . + ^r^-rv^X ■ dS ■ ^ 
2{n — 1)6 (n — 2)6 n — 2 2(n — 1)6 

on Riemannian manifolds {M'^,g) with nowhere vanishing scalar curvature. For rea- 
sons that will become clear later, we call any solution ijj of this field equation a weak 
Killing spinor (WK-spinor for short). It turns out that any WK-spinor is a solution 
of the Einstein-Dirac equation and that, in dimension n = 3, the two equations under 
consideration are essentially equivalent. In Section 4 we study the integr ability con- 
ditions resulting from the existence of a WK-spinor on the Riemannian manifold. We 
prove that any simply connected Sasakian spin manifold M^"*"*"^ (m > 2) with contact 
form r/ and Ricci tensor 

^ —m + 2 2vn? — m — 2 

Ric = —g H ; 7/ (g) 7/ 

m — 1 m — 1 

admits at least one non-trivial WK-spinor, and therefore a solution of the Einstein- 
Dirac equation (Theorem 6.6). We derive this existence theorem in two steps. First we 
study solutions of the equation 

Vxip = aX ■'ip + br]{X)r] • ip, 

the so-called Sasakian quasi-Killing spinors of type (a, b) on a Sasakian manifold. It 
turns out that, for some special types (a, 6), any Sasakian quasi-Killing spinor is a 
WK-spinor (Theorem 6.7). Second, using the techniques developed by Friedrich/Kath 
(see [16], [17], [18]) we prove the existence of Sasakian quasi-Killing spinors of type 
(±1,5) (see Theorem 6.9). Altogether, in odd-dimension the contact geometry gen- 
erates special solutions of the Einstein-Dirac equation. On the other hand, in even 
dimension we can prove the existence of solutions of the Einstein-Dirac equation on 
certain products x of a 6-dimensional simply connected nearly Kahlcr manifold 
with a manifold N'"" admitting Killing spinors (see Theorem 7.5). The main point of 
this construction is the fact that admits Killing spinors with very special algebraic 
properties (Grunewald [20]). These solutions of the Einstein-Dirac equation are not 
WK-spinors, thus showing that the weak Killing equation is a much stronger equation 
than the coupled Einstein-Dirac equation in general. The paper closes with a more 
detailed investigation of the 3-dimensional case. 

The present paper contains the main results of the first author's doctoral thesis, de- 
fended at Humboldt University Berlin (see [23]) in the summer 1999. It was written 
under the supervision of and in cooperation with the second author. Both authors 
thank Ilka Agricola for her helpful comments and Heike Pahlisch for her competent 
and efficient I^l^^Xwork. 



1 The geometry of the spinor bundle 

Let (M",gi) be an n-dimensional connected smooth oriented Riemannian spin mani- 
fold without boundary, and denote by S(M) or simply S the spinor bundle of (M", y) 
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equipped with the standard hermitian inner product <, >. We denote by (, ) := Re <, > 
its real part, which is an Euchdean product on E. We identify the tangent bundle 
r(M) with the cotangent bundle T* (M) by means of the metric g. Then the Clifford 
multiplication 7 : T{M) (g)K S(M) — *■ E(M) by a vector can be extended in a natural 
way to the Clifford multiplication 7 : A(M) 0r S(M) — > S(M) by a form, and we 
will henceforth write the usual Clifford product as well as this extension as " • " . With 
respect to the hermitian inner product < , > we have 



= 9{X,YM^ , (Z.V',V) = , X,Y,ZGT{M). 

Now we briefly describe the realization of the Clifford algebra over R in terms of com- 
plex matrices. This realization will play a crucial role when we discuss a decomposition 
of the spinor bundle S (Section 6) and when we deal with tensor products of spinor 
fields (Section 7). The Clifford algebra Cl{M.^) is multiplicatively generated by the 
standard basis (ei, • • • , e„) of the Euclidean space and the following relations: 

ejCj + ejCi = for i ^ j and e^ek = —1. 

The complexification Cl{R'^)^ := CI(M.'^)<S)rC is isomorphic to the matrix algebra 
M{2"^; C) for n = 2m and to the matrix algebra M(2"*; C)®M(2"'; C) for n = 2m + 1. 
In this paper we use the following realization of these isomorphisms (compare [15]): 
Denote 

^ \ / 



-V-i\ 



and let a{j) be 



a(j) := 



1 if J is odd, 

2 if j is even. 



(i) In case that n = 2m, we obtain the isomorphism CZ(]R") = M(2"*; C) via the map: 

ej I — *■ r (g) • • • (g) T ^ggi^j) E (gi ■ ■ ■ i» E. 

^ V 

[i^]-times 

(h) In case that n = 2m+l, we obtain the isomorphism C/(]R")^ = M(2'"; C)®M(2'"; C) 
via the map (j = 1, . . . , 2m): 

ej I — f r (8) • • • (8) T <^ga(j) 1^ E 1^ ■ ■ ■ 1^ E, r (g) • • • Tj ^gaij) <^Ei^---i^e) 
[i^] -times [i^] -times 

e2m+i ^ (V^ T • • • r , -V^ r(8)- - -^r ). 

m-times m-times 
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Let us denote by V the Levi-Civita connection on {M^,g) as well as the induced 
covariant derivative on the spinor bundle S(M) and denote by D the Dirac operator 
of {M^\g). Using a local orthonormal frame {Ei, • • • , En) we have the local formulas 

1 " 

i<j 1=1 

where i/j^k = Ekiip) is the derivative of ^ G r(S) towards Ek, and T^j are the Christoffel 

n 

symbols with V i^^^Ej = "^T^^Ei. We will use the following purely algebraic 

1=1 

Lemma 1.1. Let il) be a spinor field on {M'^,g) such that the set {x G M" : V(a^) 7^ 0} 
is dense. Suppose that there are a real-valued function f : M" — > R and a (real) vector 
field X such that fi/j + X ■ ip = holds. Then f and X vanish identically. 

Remark. This principle applies in particular to non-trivial spinor fields ip satisfying 
the differential equation Dip = htp for some real- valued function h : M'^ — > M (sec [4]). 

We finish this section by summarizing some formulas we need concerning different 
curvature tensors. Let R{X, Y){Z) = VxVyZ — Vy^xZ — V[x.y]Z be the Ricmann 
curvature tensor of (M", g) and denote by R{X, Y){ip) = VxVyV' — VyVxV"" V[x,y]V' 
the curvature in the spinor bundle. Using the notation 

n 

Rijkl = R{Ei,Ej,Ek,Ei) := —g{R{Ei, Ej)Ek, El) and Rji = Ric{Ej,Ei) := ^ Rujul 

u=l 

we have 

R{X,Y){i;) = ~Y.^^E^^E^^X,Y)E^-E^-i^ = y) • V, 

n n 

Ric{X)-iP = 2Y,Eu-R{E^,X){iP)=-J2Eu-R{Eu,X)-iP, 

u=l u=l 
n 

= -J2Eu-Ric{Eu)-iP = -2 J2 RijkiEi-Ej-Ek-Erijj, 

u=l i<j,k<l 

where S denotes the scalar curvature of (M", g). We recall here a basic, but very useful 
formula, which is stronger than the Schrodinger-Lichnerowicz formula (D^ = A -|- ^ , 
see [30]). 

Lemma 1.2. For any spinor field ip and any vector field X on {M^,g), one has 
^RiciX) ■ i; = D{Vx^) - VxiDiP) -f^Eu- Vv^^xV', 

^ u=l 

where {Ei, • • • , E^) denotes a local orthonormal frame. This formula will be called "the 
Ricci) -formula" . 



6 



Proof. Substituting the formula R{X, Y){il;) = VxVyV ~ VyVxV' ~ V[x,y]V' i^ito the 

1 " 
relation -Ric{X) • = ^ • R{Ey,,X){ip), we compute 

1 " 

-RiciX) • V = E ^« • {Ve.VxV' - VxVi5„V - V[E„,x]V'} 

^ u=l 

n n 



ti=l u=l 
n n 



«=1 u=l 

n n 



tl=l u=l 



For the last term one checks easily, using the ChristofFel symbols Vsk^j = E ^kj^i^ 

1=1 

n 

that E(Vx-En • Vb^V + Eu ■ VvxB^V') = holds for all vector fields X. Q.E.D. 



u=l 



Remark. The above (^i?icci)-formula is stronger than the Schrodinger-Lichnerowicz 
formula in the sense that contracting the (ii?icci)-formula via the formula S(p = 

n 

— E -^'^ ■ Ric{Ey ) ■ (f yields the formula = A + ^ immediately: Recall that the 

v=l 

n 

relation D{X -ip) = ^ Eu-Ve^X -ip - 2VxV' - X ■ Dip holds for any spinor field ip and 

u=l 

any vector field X (e.g. sec [15]). We replace X and ip by Ey and Ve^i^, respectively, 
and sum up over v = 1, ■ ■ ■ ,n. Then we have 

n n n 

D'^ip = E ^« • ■ ^^^^ - 2 E ^EyE^v - E • 

u,v=l v=l v=l 

n 

Applying the (^i?icd)-formula and the relation E {^xEu ■ ^Eui^ + ■ Vy^BuV') = 
we immediately obtain the formula for the square of the Dirac operator: 

n 

S(p = -J2Ev- Ric{Ey) ■ if = 4D^ip - 4A(p. 

v=l 



2 Coupling of the Einstein equation to the Dirac equation 

First we sketch a canonical way for identifying the spinor bundles E(M)g and S(M)/j 
for different metrics g and h (for details we refer to [7]): given two metrics g and 
h, there exists a positive definite symmetric tensor field hg uniquely determined by 
the condition h{X,Y) = g{HX,HY) = g{X,hgY), where H := .JhTg. Let Pg and 
Ph be the oriented orthonormal frame bundle of {M'^,g) and {M^,h), respectively. 
Then the inverse of H induces an equivariant isomorphism 6^ : Pg — > P^ via 
the assignment {Ei, • • • , £"„) i — > {H~^Ei, • • • , H~^En). Let us now fix a spin structure 
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• Qg — ^ Pg of {M'^,g) and view this spin structure as a Z2-bundle. Then the 
pullback of Ag : Qg — > Pg via the isomorphism bg : Ph — > Pg induces a Z2-bundle 
A/i : Qh — Ph (which is, in fact, a spin structure of (M", h)) and a 5'pin(n)-equivariant 
isomorphism 6^ : — ^ such that the following diagramme commutes: 



Qh Q: 



Ph Pg 



Lemma 2.1. There exist natural isomorphisms : T{M) — > T{M), d!f^ : S(M)^ 
hidlX, dlY) = g{X, Y), < dl<p, dl^ >h=< ^ >g, 

{dlx) ■ {diip) = dlix ■ v^), x,y G r(rM), v g r(s(M)^). 



In order to couple the Einstein equation to the Dirac equation by means of a variational 
principle it is essential to express the behaviour of the Dirac operator under infinites- 
imal changes of the metric precisely, which was done by Bourguignon and Gauduchon 
in 1992. Let Sym{0, 2) be the space of all symmetric (0,2)-tensor fields on {M'^,g) and 
denote by ((, ))g the naturally induced metric on Sym{0, 2). An arbitrary element k of 
Sym{0,2) induces a (l,l)-tensor field kg defined by k{X,Y) = g{X,kgY). We denote 
by Dg^tk the Dirac operator of (M", y + where t is a sufficiently small real number, 
and by Vg+tfc := d^^tk^P ^ ^(.^{M)g+tk) "Push forward" of ^ = Vg € r(S(M)g) via 
the map d^^^^j^ in Lemma 2.1. 



Lemma 2.2. (see [7] and [26]) The variation of the Dirac operator is given by the 
formula: 



d_ 
dt 



1 1 1 

_ dl+'\Dg+tki^g+tk) = "2 E ^9{E^) ■ ^eJ + -^diTrgkg) ■ ^ - -divgikg) ■ i^, 

t—0 u=l 



where Trg and divg denote the trace and the divergence, respectively. In particular, we 
obtain the formula 



d_ 
dt 



{Dg+tk'^g+tk,'4'g+tk)g+tk = ((^(g,V) ' 
t=0 ^ 



where Tf^g^^p) is the symmetric (0,2)-tensor field defined by 

T^g,^)iX, Y) := {X-Vl^i^ + Y- V^V', V')p- 
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We will use the following formulas for the variation of the volume form fi and the scalar 
curvature S. 



Lemma 2.3. (see [3]) Let {M^,g) be compact, and, for any k £ Sym{0,2), denote by 
IJ.g+tk o,nd Sgj^tk the volume form and the scalar curvature of {M^,g + tk), respectively. 
Then the following equations hold 



d_ 

dt 



t^g+tk = 7:{i9,k))gtig, 
t=o ^ 



d 
dt 



t=0 -IM 



Sg+tklJ-g 



I i{RiC,k))gHg. 



Now we state the main result of this section: 



Theorem 2.4. Let M"- be a Riemannian spin manifold. A pair {go,ipo) is a critical 
point of the Lagrange functional 

W{g, ^) := / {Sg + e{X{ilj, i^)g - {Dg^, ilj)g})fig (s , A G R) 

for all open subsets U of Af" with compact closure if and only if {go, tpo) is a solution 
of the following system of differential equations: 

1 £ 

£>gV = M and Ricg - -Sgg = -T^g,^). 



Proof. Let ip = ipg he a spinor field and consider a symmetric (0,2)-tensor field k on 
{M"',g). Then, applying the Lemmas 2.1 , 2.2 and 2.3, we compute at i = that 

^Wig + tk,il; + tip) = ^W{g + tk, ^) + ^W{g, ^ + tip) 



J^{Sg+tk + ^^{i^g+tk, 1pg+tk)g+tk — ^{Dgj^tk'^gj^tk, i>g+tk)g+tk} l^g+tk 

+ ^ ^{£A(V' + tip, 11)+ tip)g - e{Dg{^ + tip),i} + tip)g}llg 

-^{jjj Sg+tkf^g + SgHg+tk} + ^J^ ^)gfJ'g+tk 

~dt L^^^9+tk'^9+tk,4'g+tk)g+tkfJ'g - ^ j^e{Dg^,^)gfig+t, 

d f d f 

+ ^ j^eX^i) +tip,'4j +tip)gllg - — J^e{Dg{7p + tip),ij + tip)gHg 

- J^iiRicg, k))gHg + ^ J^iiSg9, k))gHg + ^ J^ii^H'^^ ^)g9, k))gHg 

+ \ j^ii^^g,^) > k))g^lg - ^ j^{{e{DgtP, tP)gg, k))gfig 
+ 2 j^i^^'^^ 'P)9f^9 ~ 2 ^(e£>g^, ip)gfJ,g 
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j^{{-RiCg + ^Sgg + y (V', tp)gg - ^{Dgllj,lP)gg + ^T^g^^),k))gHg 



+ / {2eXtp - 2eDgi;,ip)gfig. 
^ u 

Therefore, a pair {go,ipo) is a critical point of the Lagrange functional W{g,ilj) for 
all open subsets U of with compact closure if and only if it is a solution of the 
equations 

-i?icg + ^5^5+ |(-Cfl^,V')fl5 + 1^(9,^) = and Xip = Dip. 
Inserting the second equation into the first one yields Ricg — \Sgg = jT(^g,ip)- Q.E.D. 

By rescaling the spinor field ip we may assume that the parameter e equals ±1. 

Definition. Let {M'^,g) be a Riemannian spin manifold (n > 3). A non-trivial spinor 

field ip on {M^,g) is a positive (resp. negative) Einstein spinor for the eigenvalue A G R 
if it is a solution of the equations 

Dip = Xip and Ric — ^Sg = ziz^T^, 

where T^(X,Y) := (X ■ Vytp + Y • ^xtp,'ip) is the symmetric tensor field defined by 
the spinor field ip. 

Example. Suppose {M"',g) carries a Killing spinor ip of positive (resp. negative) 
Killing number 6 G R. Then ip := y^4(n — l)(n — 2)|6|(^/|99| is a positive (resp. nega- 
tive) Einstein spinor for the eigenvalue A = —nb. In this case {M"',g) is an Einstein 
manifold with Ric = 4(ra — l)b^g- 

Remark 1. For any Riemann surface {M'^,g) we have Ric — ^Sg = 0. Consequently, 
we always assume that the dimension of the manifolds is at least 3. 

Remark 2. Let tp he a spinor field on {M"',g) and T<^ the induced symmetric (0,2)- 
tensor field. A straightforward computation yields the following expression for the 
divergence of T^: 

n n 

5{T^) = J2 T^J,^E^ = J2{i^E,iD^),V') - iVEjV,Dip) - (E, . {D\),ip)}EK 

i,j=l j=l 

In particular, 6{T^) = if is an eigenspinor of the Dirac operator. Together with 
the fact that S{Ric — ^Sg) = this implies that the second differential equation 
Ric — ^Sg = ITy, of the Einstein-Dirac equation has a natural coupling structure. 

Remark 3. Let us denote the space of all eigenspinors of the Dirac operators D with 
eigenvalue A by E\{M''\g) and the set of all the positive (resp. negative) Einstein 
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spinors for the same eig envalue A by ES^{W,g). Then ES^{M'',g) is a subset of 
E\{M^\g), but not a vector space. Consider the map A : E\{M"',g) — > Sym{0,2) 
defined by V ' — > ^\T^- Then ES^{M'',g) = A-^{Ric - ^Sg} is the inverse image 
via the map A of the point Ric — ^Sg G Sym{0,2). Moreover, the group acts on 
ES^{M^,g). 



Remark 4. Suppose that tp is an Einstein spinor on (M", ^f). Contracting the equation 
Ric — ^Sg = ±|r^, we obtain 

In particular the scalar curvature does not change its sign and the Einstein spinor -0 
vanishes at some point if and only if the Ricci tensor vanishes. 



3 A first order equation inducing solutions of the 
Einstein-Dirac equation 

Our aim in this section is to present a new spinor field equation that is geometrically 
stronger than the Einstein-Dirac equation and generalizes the well-known Killing equa- 
tion. The following lemma contains the key idea which leads us to the formulation of 
this new spinor field equation. 



Lemma 3.1. Let i/j be a non-trivial spinor field on {M^,g) such that 

Vxip = na{X)^ + /3{X) • + X • a • 

holds for a 1-form a and a symmetric (1, 1) -tensor field /3 and for all vector fields X. 
Then has no zeros and a as well as (5 are uniquely determined by the spinor field ip 
via the relations: 

dm'') , R 

ot = —, , , , ,„ ana p = ttttt- 

2(n — l)IWi|2 ^ 9UAI2 



In particular, the 1-form a is exact. 



Proof. Since ^ is a solution of a first order ordinary differential equation on any curve 
in M", ip does not vanish anywhere. We compute a : 

= 2(VxV',V') =2na(X)(V',V)-2a(X)(V',V') = 2(n - l)a(X)(V, V)- 
Using a local orthonormal frame, we now verify the second relation: 

n 

T^{Ei, Ej) = J2 if^jEi ■Ek-^ + PlEj .Eri^ ,i^) = -{P}+ V') = -2/3](V, V')- 

k,l=l 

Q.E.D. 
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Corollary 3.2. Suppose that the scalar curvature S of {M'^,g) does not vanish any- 
where. Let i/j be a positive (resp. negative) Einstein spinor with eigenvalue A such 
that 

Vx'ip = na{X)tl) + (3{X) ■^ + X-a-tP 

holds for a 1-form a and a symmetric (1, l)-tensor field j3 and for all vector fields X. 
Then a as well as fi are uniquely determined by 

dS , „ 2A ^. A 

2{n-l)S ^ {n-2)S n-2 

Proof. This follows directly from Lemma 3.1 by inserting = ±4:{Ric — ^Sg) and 
|V;|2=^H^5. Q.E.D. 



Definition. Let (M"^, g) be a Riemannian spin manifold whose scalar curvature S does 
not vanish at any point. A non-trivial spinor field will be called a weak Killing spinor 
(WK-spinor) with WK-number A G M if V' is a solution of the first order differential 
equation 

Remark. The notion of a WK-spinor is meaningful even in case that the WK-number 
A is a complex number. In this paper we study only the case that A 7^ is real. How- 
ever, the examples of Riemannian spaces M'^ with imaginary Killing spinors (see [2]) 
show that Riemannian manifolds admitting WK-spinors with imaginary Killing num- 
bers exist. 



In case {M'^,g) is Einstein, the above equation reduces to Vxi' = ' ^ 

incidcs with the Killing equation. Together with the following theorem, this justifies 
the name; however, notice that the vector field V^{X) = < X ■ i/j,^ > asso- 

ciated to a WK-spinor is in general not a Killing vector field. Using the formula 

n 

Sil) = — ^ Eu ■ Ric{Eu) ■ i^, one checks easily that every WK-spinor of WK-number 

A is an eigenspinor of the Dirac operator with eigenvalue A. WK-spinors occur in the 
limiting case of an eigenvalue estimate for the Dirac operator (see Section 5) and they 
are closely related to the Einstein spinors, as we will explain in the next Theorem. 



Theorem 3.3. Let if) be a WK-spinor on {M"',g) of WK-number A with \S < (resp. 
XS > 0). Then is constant on M" and (p = ■y^^^^j^V' 0, positive (resp. nega- 
tive) Einstein spinor to the eigenvalue A. 

Proof. Using Lemma 3.1 and Corollary 3.2 we compute the differential of 

_ Sdm^)-\i^\^dS _ S{2{n-lM^^^}-\i;\^dS _ 

y S J 
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i.e., is constant on M"^. Since is constant on M", Lp is a WK-spinor of WK- 
number A. Moreover, \(p\'^ = ^""1^^^"^^ and the equation Ric — ^Sg = follows now 

by a direct calculation. Q.E.D. 



We investigate now the spinor field equations on 3-dimensional manifolds and prove that 
in case the scalar curvature does not vanish, the Einstein-Dirac equation on {M^,g) is 
essentially equivalent to the weak Killing equation. Notice that for the Clifford multi- 
plication in dimension ra = 3 the relations Ei -£2 = —E^, £^2 •-£'3 = —Ei, E^-Ei = —E2 
hold. 



Lemma 3.4. Let if) be a spinor field on {M^,g) without zeros. Then there exists a 
1-form Lo and a (1, l)-tensor field 7 such that 



Moreover, lo and 7 are unit, 
field ip via the relations u = ^[^[^'^ and ^{X) = ^(VxV')-^w ' V') 



holds for all vector fields X. Moreover, lo and 7 are uniquely determined by the spinor 



u=l 



Proof. The real dimension of the S'pm(3)-representation equals 4 = 3-1-1. Consequently, 
if we fix a non-zero spinor ipi , then any other spinor ip2 is of the form cp2 = V ■ (fi + acpi 
for a unique vector y G and a unique scalar a G M. Using this algebraic fact we 
can express the spinor field VxV' as VxV' = i^^iX)^ + l{X) • V' ^01 a 1-form lo and a 
(l,l)-tensor field 7. Now one easily verifies the formulas for oj{X) and j{X). Q.E.D. 

Lemma 3.5. Let ip be a nowhere vanishing spinor field on {M^,g) and assume that it 
is a solution of the Dirac equation Dtp = hip for some function h : — ^ M. Then 
there exists a 1-form a and a symmetric (1, 1) -tensor field P such that 

Vx'ip = Sa{X)^ + P{X) -iP + X-a-ip = 2a{X)^ + P{X) ■ iP - {*a){X) ■ ^ 

holds for all vector fields X, where * denotes the star operator. Moreover, a and (3 are 
uniquely determined by the spinor field tp via the relations: 



Proof. On account of Lemma 3.4, we have VxV' = oo{X)ip -\- 7(X) • ip with a; = ^^j^p^ 

3 ^ 2 

and 7(X) = ^(VxV')-^u " V')r77^- We set a := \uj = ^j^p^ and let (5 and r be the 
u=i 

symmetric and the skew-symmetric part of 7, respectively. Then we obtain 

3 3 

L>V = 2Y,aiEi-i^-Y,f3\^p-2Y,r^E^-K-i^ 

1=1 1=1 u<v 

= -Tr{P)iP + 2(ai + t|)Ei • ^ + 2(a2 - tI)E2 ■ + 2(a3 + tI)E^ ■ ^. 
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Because of Dtp = hip, this implies 

h = -Tr{P) and ai + r| = a2 - Tg = as + T2 = 0. 

We identify r with a two-form and can thus rewrite the latter equation in the form 
*a = —T. In the 3-dimensional Clifford algebra this equation yields the relation 

t{X) = a{X) + X ■ a, 

and, therefore, we obtain 

Vxip = 2a{X) ■ iP + (3{X) ■ 1/; + t{X) ■ 1/; = 3a{X) ■ if} + P{X) ■ tj; + X ■ a ■ ip. 
The formulas a = ^^|{^p^ and /? = — are consequences of Lemma 3.1. Q.E.D. 

Theorem 3.6. Suppose that the scalar curvature S of {M^,g) does not vanish at any 
point. Then {M^,g) admits a WK-spinor of WK-number A with XS < (resp. XS > 0) 
if and only if {M^,g) admits a positive (resp. negative) Einstein spinor with the same 
eigenvalue X. 

Proof. Let tp he a positive (resp. negative) Einstein spinor of eigenvalue A. We first 
note that since S = ^X\'tp\'^, the Einstein spinor tp has no zeros. By Lemma 3.5 there 
exists a 1-form a and a symmetric (1, l)-tensor field P such that 

Vxip = 3a{X)tP + P{X) -tP + X-a-ip. 

By Corollary 3.2 we conclude that 

dS , ^ 2A„ 
a = -— and p = —Rtc — Aid, 
4S S 

i.e., V is a WK-spinor of WK-number A with XS < (resp. XS > 0). Q.E.D. 

4 Integrability conditions for WK-spinors 

In order to study the geometric conditions for the Riemannian manifold {M'^,g) in 
case it admits a WK-spinor or Einstein spinor, wc first establish some formulas that 
describe the action of the curvature tensor on the WK-spinor. 

Lemma 4.1. Let ip be a non-trivial spinor field on {M^,g) such that 

Vzip = na{Z)ip + P{Z) -ip + Z-a-tp 

holds for a 1-form a and a symmetric (l,l)-tensor field /3 and for all vector fields Z. 
Then the following relations hold for all vector fields X, Y : 

(i) R{X, Y){,p) = Y ■ Vxa . ,p - X ■ Vya ■ + {VxP){Y) ■ V - (Vy/3)(X) • ^ 



14 



+{/3(y) • I3{X) - (3{X) . (5{Y)} . ^ + \aWY • X - X • F) • ^ 
+2g{Y, a)X -a-ip- 2g{X, a)Y-a-ip + 2g{P{Y),a)X ■ V' - 2g{p{X),a)Y • ^j, 
(ii) Ric{X) • V = (4n - 8)\afX ■ ^ - {4n - 8)a{X)a • V + (2n - 4)Vxa • V' 

n 

-2J2X-Eu- ^E^a ■^ + 4X- /3(a) ■ ^ - {An - 8)g{a, p{X))^ 



u=l 

n 

-4h(3{X) ■i;-4{Pop){X)-^ + 2J2Eu- (Ve„/3)(X) • V - 2dh{X)^, 

u=l 

(iii) = ^S+(n- l){5a) - (n - l)(n - 2)|a|^ + 

n 

where h := — Tr(/3) and Sa := — ^ 

n=l 

Proof. The first and second statement follow immediately from the formulas for the 
curvature tensors in Section 1. We will prove the last statement (iii). Let us substitute 
the relation Vz'V' = na{Z)il) + I3{Z) ■ ijj + Z ■ a ■ ijj into the formula for the Laplace 

n n 

operator AV' = - ^ Ve^Ve^V + ^Vb^e^V'- Then we have 

u=l u=l 

All; = niSa)'ilj - {n-l){n-2)\a\^ip -2{n-l)f3{a) -ip 

u,v=\ u,v,w=l u=\ 

and therefore 

(AV^, V) = {(n - l){5a) - (n - l)(n - 2)\a\' + |/3|'}(V, V')- 

The relation D'^ijj = dh • if) + h'^tp and the Schrodinger-Lichnerowicz formula yield now 
the last statement (iii). Q.E.D. 

Remark. One easily verifies that the third statement (iii) in Lemma 4.1 cannot be 
obtained by contracting the second relation (ii). 

Theorem 4.2. Suppose that the scalar curvature S of {M'^,g) does not vanish any- 
where. Let us assume that {M'",g) carries a WK-spinor ip of WK-number X. Then we 
have the identities 

(z) 4(n - lfX^{{n - 3)3"^ X • ^ - 2(n - 4)SRic{X) ■ i/j - 4{Ric o Ric){X) ■ -0} 
+2(n - l)(n - 2)A{(n - 2)SdS{X)^ - 2{n - 2)dS{Ric{X))^ 
-SX ■dS-'ip + 2X- Ric{dS) • V - 2(n - l)dS ■ Ric{X) ■ ip 
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+2(n - 1)S J2 Eu ■ {VE^Ric){X) ■ ^} 

11=1 

= (ra - 2f{{n - lfS^Ric{X) ■ ip + \dS\'^X • V' + (n - 1)S{AS)X ■ ^ 
+n(n - 2)dS{X)dS • V - (n - l)(n - 2)S{VxdS) ■ i/j}, 
{ii) 4(n - l)X^{{r? - 5n + 8)5^ - 4\Ric\^} 

= (n - 2f{{n - 1)S^ + n\dS\^ + 2{n - 1)5(A5)}, 
(m) 4(n - lfX^{{n - 3)5^ - 2(n - 4)S|i?ic|2 - 4Tr(ii;ic3)}(V', ^p) 

n 

+4(n - l)^(n - 2)\S ^ (S„ • {V EuRic){E^) ■ i;,Ric{Ey) ■ i^) 

u,v=l 

= (n - 2f{{n - lfS^\Ricf + S\dSf + (n - 1)S'^{AS) 

+n{n - 2)g{dS ® dS, Ric) - (n - l)(n - 2)55(Hess(5), i?ic)}(V', V), 
where AS := — div(gradS') and Hess(S') := V{dS) is the Hessian of the function S. 

Proof. We apply Lemma 4.1 in the case of a WK-spinor (a := —, — and 

2{n — 1)6 

2A A 

P := 7 TT^Ric Id). Then we obtain (i) and (ii) immediately. Using the first 

(n — 2)b n — 2 

equality for • • • , multiplying it by Ric{E-\) -ip, - ■ ■ , Ric{En) ■ ip^ £^nd summing up 
we obtain the statement (iii). Q.E.D. 

Integrating the equation (ii) in Theorem 4.2 and using S{AS) = fj^ {dSl"^ we obtain 
a necessary condition for the existence of a WK-spinor: 



Theorem 4.3. Let {M'^,g) be compact with positive scalar curvature S. If |i?icp > 
|(n^ — 5n + 8)S'^ at all points, then {M"',g) does not admit WK-spinors. 

The equations of Theorem 4.2 are simpler in case that {M'^,g) is either conformally 
fiat or Ricci-parallel {VRic = ). 

Lemma 4.4. (see [21]) Let {M"^,g) be a conformally fiat Riemannian manifold with 
constant scalar curvature S. Then we have xRi'C){Y) = (Vy-Rzc)(X) for all vector 
fields X,Y. 



Theorem 4.5. Let {M'^,g) be a conformally flat or Ricci-parallel Riemannian spin 
manifold with constant scalar curvature S and suppose that it admits a WK-spinor. 
Then the following two equations hold at any point of M": 

(i) ASRic^ + {n{n - 3)6^ - A\Ric\^}Ric - (n - ?,)SHd = 0, 
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(m) 4|i?ic|^ - 4S{Tr{Ric^)} - n{n - 3)S^\Ricf + {n- 3)S^ = 0. 
In particular, the Ricci tensor is non-degenerate at any point for n > 4. 



Proof. We consider the case that (M", g) is conformally fiat. The case of VRic = is 
similar. Let ^ be a WK-spinor on {M'^,g) of WK-number A 7^ 0. By Lemma 4.4 we 
know that 



n n 



Ev ■ {VE^Ric){Eu) • V = Ruw;vEv ■ E^ ■ t/j 

v=l v,w=l 



n 



^ ^ P^UV;V'4^ "I" ^ ^ {P-UWjvEv ' Eyj ■ tp + Ry^y^yjEyj ' Ey " "0) 

v=l v<w 

= "2'^'"'^ X/ RuV;w{Ev ■ Eyj + Eyj ■ Ey) ' 1^ = 

v<w 

for all 1 < tt < n. From (i), (ii) and (iii) of Theorem 4.2 we obtain 

(/) 4A2{(n - 3)SHd - 2(n - A)SRic - ARic o Ric} - (n - 2fS'^Ric = 0, 



4 (n2 - 5n + 8)^2 - 4|i?ic|2 ' 



4 (n - 3)^3 _ 2(n _ 4)S\Ric\^ - 4Tr(ffic-^) ' 

respectively. By inserting (II) into (/) we obtain the first equation (i) of the theorem. 
In particular, if n > 4, the Ricci tensor is non-degenerate at any point. The equations 
(II) and (///) yield the second equation (ii) of the theorem. Q.E.D. 

As an immediate consequence of the preceding theorem, we shall list some sufficient 
conditions for a product manifold not to admit WK-spinors. Later on, we shall be able 
to make more refined non-existence statements for WK-spinors on product manifolds. 



Corollary 4.6. Let {MP,gM) and (iV*,gijv) be Riemannian spin manifolds. The pro- 
duct manifold {M^ x N'^,gM x 9n) does not admit WK-spinors in any of the following 

cases: 

(i) (M^jQm) and {N'^,gN) are both Einstein and the scalar curvatures Sm,Sn are 

positive (p,q > 3). 

(ii) {M'P,gM) is Einstein with Sm > and {N'^,gN) is the 2-dimensional sphere of 
constant curvature (p > 3). 

(iii) {M'^,gM) and {N'^,gN) are spheres of constant curvature. 

(iv) {MP,gM) is Einstein and {N'i,gN) is a q- dimensional fiat torus {q > l,p > 3). 

Proof. For all the cases (i)-(iv) the Ricci tensor of the product manifold (M^ x N'', gM x 
g^) is parallel. Moreover, one easily checks that each of these cases does not satisfy 



17 



the second equation (ii) in Theorem 4.5. 



Q.E.D. 



We next investigate the case that {M^,g) is conformally flat and Ricci-parallel. 

Lemma 4.7.(see [21]) Let {M^,g) be conformally flat with constant scalar curvature 
S (n > 4). Then we have 

\VRic\^ = -A{\Ric\^) -Tr(i?ic^) + ^ / 1 1 



n-2 ^ ' (n-l)(ra-2) (n-l)(n-2)' 



Lemma 4.8. Let (Af", 5) be a Riemannian manifold with constant scalar curvature S 
and suppose that it admits a WK-spinor. Then, in case 

5-2 I 

(i) S > is positive, the inequality — < |i?icP < -(n^ — 5n + 8)5'^ holds. 

n 4 

(ii) S < is negative, the inequality \Ric\^ > -^{n^ — 5n + 8)5'^ holds. 



Proof We observe that g{Ric - f^g,Ric - f^) = |fficp - |- > holds. If (M",^) 
admits a WK-spinor ip of WK-number A, then we obtain from Theorem 4.2 (ii) the 

. ^2 1 (n-2fS^ 

equation A = --—^ — , ^-^„ ,, „. Q.E.D. 

4 (77,2 - 5n + 8)52 _ 4|^^c|2 ^ 

Theorem 4.9. Let {M^,g) be conformally flat, Ricci parallel and with non-zero scalar 
curvature (n > 4) . If M" admits a WK-spinor, then 

(i) {M'^,g) is Einstein if S > 0, 

^3 471^ -\- Stz -|- 4 

fa) the equation |/2zcP = ; r holds if S <0. 

* ^ ' ' 4(n-l) ■' 

Proof. By Theorem 4.2 (ii) |i?icp is constant and so it foflows from Lemma 4.7 that 



Tr{Ric^) = ^ VII 



n(n — 1) n(n — 1) 

Inserting the latter equation into Theorem 4.5 (ii) we obtain 

{n\Ricf - S^){A{n - l)\Ric\'^ - {n{n - l)(n - 3) + A}S^) = 0. 

In case of |i?ic|2 = ^,the space (M", g) is Einstein, so every WK-spinor is a real Killing 

A^. Q^^n T flp-|2 - 4n2 + 3n + 4 ^2 ^ - 5n + 8 

spmor and hence o > L). In case 01 \Kic\ = — — b > : b 

4(n - 1) 4 

(n > 4), we see from Lemma 4.8 that S <0. Q.E.D. 

We are now able to construct classes of manifolds that do not admit WK-spinors. First 
we examine manifolds (M", y) admitting a parallel 1-form r/. Let ^ be the dual vector 
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field of r] with |^| = 1. The Ricci curvature in the direction of ^ is zero, Ric(^) = 0. 
We summarize the relation between the parallel vector field and the Dirac operator in 
the next 



Lemma 4.10. For any spinor field tp on {M'^^g) we have 



Theorem 4.11. A manifold {M^,g) of constant scalar curvature S ^ and with a 
parallel 1-form does not admit WK-spinors (n > 3). 



Proof. Since Ric{^) = 0, we have V^V = ' V'- By applying the first relation 

from Lemma 4.10 we obtain DCV^ip) = Vf(Dip) = Wctp = ^ • ijj. On the other 

n — 2 

hand, using the second relation from Lemma 4.10 we calculate 

A 2A A^ 

f 2A2 A2 1 , (n-4)A2^ , 



{ {n-2y n - 2 J ' (n - 2)^ 

Thus, n = 3. In the three-dimensional case we can diagonalize the Ricci tensor at a 
fixed point 

/ yl \ 



Rio = 



5 
y y 



Since ^ = ^3 is parallel, we have 

-Rii = -R1212 + -R1313 = -R1212 + -R2323 = R22 
and, therefore, A = B. On the other hand, using Theorem 4.2 (ii) we obtain 

= 8X^{A - Bf = {A + Bf = 5^ 
hence, a contradiction. Q.E.D. 

We now return to the product situation already described in Corollary 4.6. It is of 
interest that special types of product manifolds admit Einstein spinors, but no WK- 
spinors (see Section 7). 

Theorem 4.12. Suppose that the scalar curvature Sm of (M^ , qm) as well as the scalar 
curvature Sn of {N'^ , g]\f) are constant and non-zero {p,q > 3). Furthermore, suppose 
the scalar curvature S = Sm + Sn of the product (M^ x N'^^Qm x 9n) is not zero. If nei- 
ther (M^, qm) nor {N'^,gN) is Einstein, then the product manifold {M^ x N"^, qm x gjsf) 
does not admit WK-spinors. 
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Proof. Let ijjhe a WK-spinor of WK-number A. Then VxV' = ' V' with 

2A A 

13 := 7 —-Ric -Id and A 7^ 0. Since the scalar curvature S is constant, we 

(n — 2)S n — 2 

obtain 

Consequently, if X is tangent to the manifold and Y is tangent to A/"^, we have 

{VxP){Y) = = iVYP){X). 

Since neither nor A/"^ is Einstein, there exist vectors Xo and Yo such that 
P{Xo) / 7^ /3(i^o)- On the other hand, by Lemma 4.1 we have 

= RiXo,Yo){'i/j) = iVxMYo)-il^-{VYj)iXo)-i^ + P{Yo)-f3iXo)-^ 

-(5{Xo) ■ (3{Yo) ■ ^ = P{Yo) ■ P{Xo) ■ V' - P{Xo) ■ /3{Y^) ■ ^ = 2l3{Yo) ■ P{Xo) ■ ^ 

and we conclude ijj = 0, a contradiction. Q.E.D. 
In a similar manner we can prove the following facts: 

Theorem 4.13. Suppose the scalar curvature Sm of {MP,gM) {p > 3) is constant and 
non-zero. If the scalar curvature Sn of {N'^,g]\f) {q > 1) equals identically zero, then 
the product manifold {M^ x N'^,gM x S'jv) does not admit WK-spinors. 

Theorem AAA. Suppose that {M'^^qm) as well as (N'^,gi\f) are Einstein and that 
Sm ^0, Sn ^ 0, S = Sm + Sn ^ {p,q > 3). If the product manifold MP x Ni 
admits WK-spinors, then either {p — 2)Sm +pSn = or qSM + {q — ^)Sn = holds. 

Theorem 4.15. Let {MP,gM) be an Einstein space with scalar curvature Sm 7^ 
and {N'i,gN) be non-Einstein with constant scalar curvature Sn 7^ ^ {PjQ > 3). 
Suppose that Sm + Sn 7^ and x A''^ admits a WK-spinor. Then we have 
{p-2)Sm+pSn = 0. 



5 An eigenvalue estimate for Einstein spinors 

In this section we prove an estimate for the eigenvalue A corresponding to an Einstein 
spinor. The following lemma is motivated by Lemma 3.1. 



Lemma 5.1. Let il) be a nowhere vanishing eigenspinor of the Dirac operator D with 
eigenvalue A G K. Then the following inequality holds at any point x G M^: 

, s , ir^p , Aim , n\d{m\^ 



4 4|^/'|4 2|V'|2 4(n-l)|V'|' 
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where T^(X, Y) = [X ■ VyV-' + Y ■ VxV'i V")- Equality holds if and only if there exists a 
non-trivial eigenspinor V'l of D as well as a 1-form ai and a symmetric (l,l)-tensor 
field Pi such that 

Vxipi = nai{X) ■ V-i + f3i{X) • Vi + ^ • ai • Vi 
for all vector fields X. 

Proof. For a fixed nowhere vanishing eigenspinor we define a new covariant derivative 
V for any spinor field (p by the formula 

Vx<f = ^x<f — na{X)(f — (3{X) ■ (f — X ■ a ■ (p, 

where 



a := — -— — 7T- and /3 := 



2(n-l)(^,V;) 2(^,V')' 
Then we have at any point of M": 

n n 



v=l v=l 



On the other hand, one easily checks the following relations: 



,2,^ 1 



(VV,VV) = A^(v,^)--(V^sV)--A(^,^), 



u=l ^ 



n- 1)(V',V')' 

n ,rp |2 

Therefore we obtain 

The limiting case follows immediately from Lemma 3.1. Q.E.D. 



Theorem 5.2. Let {M'^,g) be a Riemannian spin manifold with non-vanishing scalar 

curvature S. If{M'^,g) admits a positive (resp. negative) Einstein spinor for an eigen- 
value 7^ A G IR, then the following inequality holds at any point: 

\^{{n^ - 5n + 8)^2 _ MRiAH > _ 1)53 ^ ^i^^p ^ ^{n - 1)5(A5)}. 

4(n — 1) 
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Proof. By contracting the relation Ric — -^Sg = ijT^ we obtain X{ip, ip) = ^{n — 2)S. 
Substituting \T^\'^ = 16\Ric\'^ + 4(n - 4)3'^ and (V', V') = ^F^-^ into the inequahty of 
Lemma 5.1 yields the desired result. Q.E.D. 

By integrating both sides of the inequality in Theorem 5.2, we obtain the following 
generalization of Theorem 4.3.: 

Corollary 5.3. Let (A4^,g) be a compact Riemannian spin manifold with positive 
scalar curvature. If \Ric\'^ > ^(n^ — 5n + 8)S'^ at any point, then {M"',g) does not 
admit Einstein spinors. 

Remark 1. Consider a 2- or 3-dimensional Riemannian spin manifold and let V 
be any nowhere vanishing eigenspinor of the Dirac operator. Then we have Vx'0 = 
na{X)'ip + l3{X) ■ + X ■ a ■ for a 1-form a and a symmetric (l;l)-tensor field P (see 
Lemma 3.5). Thus one is in the limiting case of the inequality in Lemma 5.1 for all 
such spinor fields on (M", g) if n = 2, 3. 

Remark 2. As one sees from the second equation (ii) in Theorem 4.2, any WK-spinor 
realizes the limiting case of the inequality in Theorem 5.2. Moreover, in case {M^,g) 
is Einstein, this inequality reduces to > ^(^_i'^ S and coincides with Priedrich's in- 
equality (see [14]). 



6 Solutions of the WK-equation over Sasakian manifolds 

In this section we study the geometry of the spinor bundle over Sasakian manifolds. To 
prove the existence of WK-spinors (which are not Killing spinors) we will decompose 
their spinor bundles and apply the techniques introduced by Friedrich and Kath (see 
[16], [17], [18]). In recent papers by Boycr and Galicki ([5], [6]) one finds an excellent 
exposition of Sasakian-Einstein geometry and the meaning of Killing spinors therein. 
Let M^™"*"^ be a manifold of odd dimension 2m + l,m > 1. Wc recall that an almost 
contact metric structure {<P,^,t]j9) of M^™'"'"^ consists of a (l,l)-tensor field (p, a vector 
field ^, a 1-form rj, and a metric g with the following properties: 

77(0 = 1 , <P\X) = -X + 7iiX)^ , g{(pX,<t>Y)=g{X,Y)-rj{X)rj{Y). 

In our considerations, the fundamental 2-form $ of the contact structure defined by 

$(X,F)=5(X,0(y)) 

will play an important role. There are several equivalent definitions for a Sasakian 
structure (see [5], [6], [33]). In this paper we will use the following one: 

Definition. (see [33]) An almost contact metric structure {4>,^,r],g) on M^™+^ is a 
Sasakian structure if 
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(Vx<^)(y) = g{X,Y)(,-'n{Y)X 
holds for all vector fields X, Y . 

In some calculation we will use an adapted local orthonormal frame 

El, Ej:=c^{Ei), E2, %:=0(^2),...,^m, Ejn = <p{E^), ^. 
Then the Christoffel symbols have the following properties: 

k 2m+l ~ 2m+l ~ 2m+l 2m+l " 2m+l 2m+l " ^ i 

for all 1 < i,j,k < m and 1 < u < 2m + 1. The Ricmann curvature tensor and the 
Ricci tensor have some special symmetries that we will use in our proofs: 

1 2m+l 

Ric{X,Y) = - ^ g{cP{R{X,<pY)Eu},Eu) + {2m-l)g{X,Y) + 7]iX)7]iY) , 
g{R{^X,c\>Y){c^Z),<^W)=g{R{X,Y)Z,W) ^T]{Y)r]{yV)g{X,^ 

-j]{X)j){W)g{y, Z) + r){X)r){Z)g{Y, W). 

We reformulate the latter identities using the components of the Ricci and the curva- 
ture tensor: 

Lemma 6.1. On any Sasakian manifold {M'^"^~^^,(p,^,r],g), we have: 

m m 

(i) R^i = Ryi = Y,Rriri + ^'^^-^)h ' ^.i = -%/ = -E^i?iM 

2m+l = Rj 2m+l 



1=1 i=l 
R2m+1 2m+l = 2m , Rj 2m+l = Rl 2m+l ~ ^ (1 < ^ < "m)- 



(^^) Rijkl~Ri3kl , Rijkl~Rijkl ' Ri j kl ~ Ri j kl ' 
Rijkl^~Rtjkl ' Rijkl^~Rijkl ' 

Ri 2m+l k 2m+l = Rj 2m+\ k 2m+l ^ '^^^ - k,l <in). 

In all the other cases, Ruvwz = 0, as soon as one of its indices equals 2m + 1. 

Assume that the almost contact metric manifold (M^™''^^, 0, ^, r/, (?) has a spin struc- 
ture. Then one verifies, just as in the case of almost Hermitian spin manifolds (see [15]), 
that the spinor bundle of (M^"^''"-^ , ^, 77, g) splits under the action of the fundamental 
2-form 
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Lemma 6.2. Let {M'^^~^^ ,(f),^,'q,g) he an almost contact metric manifold with spin 
structure and fundamental 2- form Then the spinor bundle S splits into the orthog- 
onal direct sum S = So©^i®"'® '^m with 

^ J (0 < r < m) , 

\ 2m+l / \2'm.+ l 

Id , ^Isiessesse- ^ ~V'~^) 
Moreover, the bundles and can be defined by 

So = G S : <j){X) ■ i/j + ^/^X ■ ^ + (-1)"* r/(X)^ = for all vectors X } 

T,m = {ipeT,: ^{X) ■ - V^X ■ ^ - 'n{X)ip = for all vectors X } . 
In particular, we have the formulas 

Lemma 6.3. Let (M^"*+^,0,^,r7,^) be a Sasakian spin manifold with fundamental 
2- form For all vector fields X, Y, Z and spinor fields we have 

{{) X -^i/j-^ X -ip = 20(X) • V , 
(ii) {VxmY,Z) = niY)giX,Z)-r]iZ)giX,Y) , 
(m) (Vx$) • ^ = -X • C • V - 

Proof. Since X • $ = X A $ — ix{^) and ^ ■ X = ^ A X + ix{^), we have 
X • $ - $ • X = -2ix{^) = -2{-(pX) = 2<p{X). 

The second formula (ii) is easy to verify. Using (ii) we prove the last identity: 

m 

(Vx$) • = - E {^(x, ■ c + 9ix, %)% . o . = -{X • e - 5(x, e)c • • V' 
fe=i 

= -X ■^■tP-ri{X)tp. Q.E.D. 

For Sasakian spin manifolds, another new spinor field equation closely related to WK- 
spinors deserves special attention. 

Definition. Let (M^"*+^,(/!>,^,r7,5') be a Sasakian spin manifold. A non-trivial spinor 
field ^ is a Sasakian quasi-Killing spinor of type (a, b) if it is a solution of the differential 
equation 

VxV' = aX • V + 6r?(X)^ • V, 

where a, b are real numbers. 
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Any Sasakian quasi-Killing spinor of type (a, b) is an eigenspinor of the Dirac operator 
of eigenvalue A = —{2m + l)a — b. First we compute some relations between the Killing 
pair (a, 6) of a Sasakian quasi-Killing spinor and the geometry of the Sasakian manifold. 

Lemma 6.4. Let us assume that {M'^"^~^^,(j),^,rj,g) admits a Sasakian quasi-Killing 
spinor ip of type (a, b). Then we have: 

(i) Ric{X) ■ V' = (Sma^ + iab)X ■ ip + 2b(f){X) • ^ • V + (2m - Sma^ - 4ab)rj{X)^ ■ tp, 

(ii) 26$ • 2p = m{l — 4a^ — 4a6)^ • ■0- 

In particular, the scalar curvature S and |i2icp are constant and given by 
S = 8m(2m + l)a^ + IGmab , 

\Ricf = (8ma^ + 4a6)(16m^a^ + 16ma^ + 24ma6 - 4m) + 8m6^ + 4m^. 

Proof. Using the (^i?icci)-formula, an adapted frame and the properties of the Christof- 
fel symbols of a Sasakian manifold mentioned before we obtain after direct calculations: 

Ric{Ei) ■ xp = (Sma^ + 4ab)Ei ■ ip + 2bEj ■ ^ ■ ip , 
Ric{Ej) ■ ip = (8ma^ + 4ab)Ej ■ ip - 2bEi ■ ^ ■ ip , 
Ric{^) ■ Ip = 46$ • V + 8ma(a + 6)^ • ip. 

On the other hand, we know that Ric{^) ■ ip = 2m^ ■ ip and, hence, the first two 
statements are proved. Contracting the first equation (i) via the formula Sip = 

2m+l 

— ^ Eu ■ Ric{Ey) ■ Ip we obtain S = 8m(2m + l)a^ + 16ma6. We calculate 

u=l 
2m+l 

{Ric{Eu) ■ Ip, Ric{Eu) ■ ip) and apply the second relation (ii). Then the formula for 

u=l 

|i?zcp follows directly. Q.E.D. 

Lemma 6.5. Let ip be a Sasakian quasi-Killing spinor on {M'^'^'^^ , (p,^,rj, g) of type 
(a, 6). 

(i) If a = ^ and b ^ 0, then m = mod 2 , ip E r(So) is a section in Sq and 
Ric = (2m + Ab)g — Abq ® rj. 

(ii) If a = , b ^ and m = mod 2, then ip G TCEm) is a section in and 
Ric = (2m — Ab)g + Abr] (g) rj. 

(Hi) If a = — ^ , 6 7^ and m = 1 mod 2, then ip G r(So) U r(S^) is a section in Sq 
or in and Ric = (2m — 46)^ + Abrj (8) rj. 
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Proof. If a = ±^ and b 0, then Lemma 6.4 (ii) gives ^ ■ tp = ■ if). Thus the 

statements follow from Lemma 6.2 and Lemma 6.4 (i). Q.E.D. 



We formulate now the main existence theorem for WK-spinors on Sasakian manifolds. 
We exclude the three-dimensional case (m = 1) in this section because we will study 
the WK-spinor equation on 3-manifolds in Section 8 in more detail. 



Theorem 6.6. (Existence of WK-spinors on Sasakian manifolds) 

If {M'^"^~^^ ,(j),^,r],g) is a simply connected Sasakian spin manifold (m > 2) with 

—m + 2 2m^ — m ~ 2 

Ric = —g H T] ® T] , 

m — 1 m — 1 

then there exists a WK-spinor (which is not a Killing spinor). 

Remark. In this case the scalar curvature S = > is always positive. Moreover, 
if m = 2, the rank of the Ricci tensor equals one and if m > 3, the Ricci tensor is 
non-degenerate. 

We divide the proof of Theorem 6.6 into two steps. Theorem 6.7 relates the notion of 
a Sasakian quasi-Killing spinor to the notion of a WK-spinor. 



Theorem 6.7. Let ip he a Sasakian quasi-Killing spinor of type (±^,6) with b ^ 

2?7T/^ — 7T}/ — 2 

(m > 2). Then th is a WK-spinor if and only if b = ^ — — r — . 

4(m — 1) 

Proof. We prove the case that a = ^, the other case that a = — | being similar. By 
Lemma 6.5 we know that Ric = {2m -\- Ab)g — ibrj (8) rj. Substituting Ric{X) ■ if) = 
(2m + 4b)X ■ ip - 4bri{X)(, ■ ip into 

2A A 1 

= (^;^73T)^^^^(^)-^-2;;^^-^ = -X.^ + brjiX)^.^ 

we obtain 

{(2m - l)^ - 4A(2m + 46) + 2\S}X • + 2{(2m - l)bS + 8Xb}7]{X)^ • = , 
which implies (2m - 1)5 - 4A(2m + 46) + 2XS = (2m - l)bS + 8A6 = 0. Inserting 

S = 2m{2m -\- 4b) -\- 2m and A = — i(2m -|- 1) — 6 we conclude that b = 



4(m - 1) 
Q.E.D. 



For the proof of the second step of our main theorem we need a special algebraic prop- 
erty concerning the decomposition of the spinor bundle of a Sasakian manifold. 

Lemma 6.8. Let [Ei, - ■ ■ Efn,^) be an arbitrary adapted frame on {M^"^~^^ ,(j),^,rj, g) 
(m > 3). Then we have for all (fjip £ r(So © Sm) 

< Ek- El - ip,ip > = < Ej- Ej- ip,ip > = {l<k<l<m), 
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< Ep- Eq- (p,'tp > = < Ep- Eg - ip,ij; > = {1 < p 7^ q < m) , 

< Er ■ ^ ■ ip,il^ > = < Er- ^- ip,'il; > =0 (1 < r < m). 

In case of m = 2, the same relations are true for all (/?, if both belong to one of the 
bundles Sq or S2. 

One can prove the identities of Lemma 6.8 using an explicit representation of the Chf- 
ford algebra. 

Theorem 6.9. Let {M'^"^^^,(j),^,ri,g) be a simply connected Sasakian spin manifold 
(m > 2) . Then the following statements hold for all b EM. : 

(i) If m = mod 2; There exists a Sasakian quasi-Killing spinor ij^ G r(So) of type 
b) if and only if Ric = (2m + 4:b)g — Abr] ® rj. 

(a) If m = mod 2: There exists a Sasakian quasi-Killing spinor i/j G r(Sjn) of type 
(— ^, 6) if and only if Ric = (2m — 4b)g + Abr] ® rj. 

(Hi) If m = 1 mod 2: There exist Sasakian quasi-Killing spinors ipo G r(So) , tpm £ 
r(Em) of type (— ^, b) if and only if Ric = (2m — 4b)g + 4br) (g) 77. 

Proof. We prove the first statement (i), the other two statements can be proved 
similarly. With respect to Lemma 6.5 we should prove that the equation 
Ric = (2m + 4b)g — 4br] r/ implies the existence of a Sasakian quasi-Killing spinor of 
type (1/2, 6). We define a new connection in the spinor bundle S by 

VxV ■= Vx(p -^X -(p- br]{X)^ ■ ip. 
Using Lemma 6.2 and 6.3 we calculate for any section ^ of Eq : 
$ . (VxV') = * • (Vx^ -\X-^- bri{X)^ ■ tP) 
= Vx($ • V') - (Vx^) • V - 5^ • ^ • V' - br]{X)^ -C-ip 

= -m^/^\7x1p + X-^-t/j + ri{X)il; - i(X • $ • ^ - 20(X) • ^) - br]{X)^ ■ {V^il') 
= -m^/^Vx'^ + V^X ■ i) + r]{X)i) + f • V' - ^T^X ■ - r]{X)^p - mbrj{X)^ 

= -m^/^{Vx'^P - \X ■ - br]{X)^ ■ ij;) = -mV^(VxV') • 

This implies that V is indeed a connection in Eq. Now we prove that the curvature 

R{X,Y){(p) := VxVy(P-VyVxV-V[x,y]^ 

of the new connection V vanishes in Sq, i.e., the bundle (Sq, V) is flat. For all sections 
tpofE, direct calculation yields 
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R{X,Y){ip) = R{X,Y){ip) + ^{X-Y-Y-X)-ip-2bg{X,(l)Y)C-ip-briiX)Y-^-ip 
+bri{Y)X ■(■ip + br,{Y)^{X) ■ if - bri{X)^{Y) ■ ip. 

Let po : E — ^ Sq be the natural projection and ip an arbitrary section of Sq. Then, 
using Lemma 6.1, 6.2 and 6.8 we have for all 1 < A;, / < m 



i=l i=l 

= pollV^Rkji^} = , 

as well as 

Po{R{Ek,Ej) (^) } = ^>o{ - 2 E % kiEi-^-^ + ^^Ski^l^ + ^bSkiV^^} 

1=1 

= --^V^Po{{Rki - C^rn - l)dki - Ski - 464i)V'} 

= ~V^po{{i2m + Ab)5ki - 2mdki - ^kOi^} = , 



Po{R{Ek,0{i^)} = Po{bE^-i^} = 0. 

Similarly, one verifies that 

Po{RiEj:,Ej){ij)} = po{R{Ej,Ei){^jj)} = po{r{Ej,OW} = 0. 
Consequently, there exists a non-trivial section ipQ of Sq with V^o = 0- Q.E.D. 



In case of 6 = 0, Theorem 6.9 coincides with the result proved by Priedrich/Kath (see 
[16], [17], [18]) : 

Corollary 6.10. Let (M^™'+^, 0, ^, r/, g') be a simply connected Sasakian- Einstein spin 
manifold (m > 2). Then 

(i) if m = mod 2, there exists a Killing spinor V'o £ r(So) with Killing number ^ 
and a Killing spinor i/^rn G r(S^) with Killing number —\, 

(a) if m = 1 mod 2, there exist at least two Killing spinors </?o £ r(So), 
fm € T{Yljn) with Killing number — ^. 

Remark. Let a = ±^,67^0in Theorem 6.9. Then the number of independent 
Sasakian quasi-Killing spinors of this type is, by Lemma 6.5, precisely two {ipi G r(So) 
and ip2 G r(i;^)). 
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Following the arguments used by Priedrich/Kath wc will construct Sasakian spin man- 

— fj-^ _j_ 2 2777-^ — in — 2 

ifolds (M^"^+-'^, (f), ^, ij, g) with Ricci tensor Ric = g H ij (g) r). 

m — 1 m — 1 

Example. Let (A^^'", J, g) be a simply connected Kahler-Einstein manifold with scalar 
curvature 5/0. Then there exists a U{1)- or R^-principal fibre bundle p : Q"^^^^ — > 
A^^™ over {N'^'^,J,g) with the following properties: 

(i) Q^™^^ has a Sasakian structure ^, ?y, (7q). 

(ii) The Ricci tensor of (Q^™"*"^, 0, ^, 5q) is given by 

(iii) (5^"*+^ is simply connected and has a spin structure. 

Proof. Consider the fundamental form 17 of the Kahler-Einstein manifold (N'^"^,J,g) 
as well as the 2-form 

" S ' 



-n 



ci(iV2"^) 



Amir 

representing the first Chern class ci(-/V^"') of A^^™. Let k be the maximal integer 
such that ^ci(iV^"^) is an integral cohomology class. Then there exists a U{1)- or R^- 
principal fibre bundle p : — ^ 7V^"* and a connection A such that is simply 

connected (see [16]) and 

Ci fg^m+l ^ jY2m\ ^ _J_[dA] = ici(iV2'") 

^ ^ 2ti k 

and F = ^^4 = 2^f'*(^)- define a 1-form ry, a vector field ^ and a metric on 

Q2m+1 by 

where F denotes the vertical fundamental vector field of the U{1)- or R^-action on 
Q2m+i corresponding to the element G -v/^M^ of the Lie algebra of C/(l) or M^. 
We define the map ^ : TQ^^n+i ^ TQ^m+i 

(/>(X^) := { J(X)}^ and (/>(0 := 0, 

where denotes the horizontal lift of a vector field X on iV^^". Let 

{Ei,Ej,- ■ ■ ,Ejn,Ejn) be a local orthonormal frame on {N'^'^,J,g) with J(£^i) = 
Ej,J{Ej) = -El and consider its horizontal lift {Ei" ,Ej^ ,■ ■ ■ ,Em" ,Efn" ,0- Then 
we have 

[-E^u''^, -E'l;''^] = [Eu,Ev]^ — FuvV = [Eu,Ey]^ — Fuv—^C = [Eu,Ey]^ — 2^^^^ , 
Using the notations 

2m 2m 

W = l 11! = ! 



29 



2m 
w=l 

we then obtain 

(/-^ \w _ (f-^ \2m+l _ \w \2m+l 

V'-'Q/'u 2m+l ~ V'-'Q/'u 2m+l ~ \^Q)2m+l 2m+l ~ y^Q)2m+l 2m+l ~ ^■ 

We rewrite these relations in terms of the ChristofFel symbols as follows: 

i^Q)Zv = i^N)Zv ' ^Q)2m+l V = i^of^'^^ = (^Q)"2m+1 = -^uv, 

all the other Christoffel symbols vanish. Consequently, {(t),£,,Tj,gQ) is a Sasakian struc- 
ture on Q^"^"^^. Furthermore, a direct calculation using the Christoffel symbols above 
proves the result 

2m g 

iRQ)ji = (Rq)]! = (.^nJji - 2 X! ^uj^ui = ^Sji - 25 ji , 

u=l 

2m 

i^Q)j2m+l = i^Q)j2m+l = ^ ' (^Q)2m+1 2m+l = ^uv^uv = '^m , 

u,v=l 

where 1 < j,l < m. Q.E.D. 



Remark. Let (AT^"*, J,g) be a compact Kahler-Einstein manifold with positive scalar 

2 

curvature S (m > 2). Rescaling the metric g we may assume that S = . Then, 

m — 1 

by the above example, there exists a Sasakian spin manifold {Q^'^'^^ , (/), Cv-i 9q) with 

1 T^. . T, — m + 2 2m^ — m — 2 . /^o^.i , ^ n , 

the Ricci tensor Rtcn = —gn H r/ ??, i.e., [Q ^ ,<p,^,r],gQ) ad- 

mits WK-spinors not being Killing spinors. 



Finally, we investigate the behaviour of Killing spinors on Sasakian-Einstein manifolds 
under a deformation of the Sasakian structure. In particular, we show that WK-spinors 
can be obtained in this way. There exists a non-trivial deformation of the Sasakian 
structure: 



Lemma 6. 11. (sec [31]) Let {(p,^,ri,g) be a Sasakian structure of M"^"^^^ and consider 

4>-=4> , C := , r]:=a~'^r} , 5 := a"^^ + (a"^ - a"^)?7 (g) , 

where a is a positive real number. Then {(f>,^,'fj,g) is again a Sasakian structure of 
j^2m+l _ 

If {El, Ej, ■ ■ ■ , Em, Ern,(,) IS an adapted frame on (M^^+^j ^, r/, g'), then Ei := 
aEk, Ej = aE^, ^ = a^^ is an adapted frame on (M^^'+i, ^, ^, r/, 5). 
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Lemma 6.12. The Christoffel symbols and the Ricci tensor of {M'^"^+^,(f),^,rj,g) and 
{M'^"^~^^,<p,^,r],g) are related by 

(n\ rw _ Y'W fi2m+l _ -p2m+l fw _ „2t^w , / 2 _ i\p2m+l 

V'/ ^ uv ~ "-^ uv ' ^ uv ~ ^ uv ' ^ 2m+l v ~ ^ 2m+l v ' \"' vw ' 

f^m+12m+l = (1 <U,V,W <2m). 

{ii) Rji = a'^Rji + 2{a'^ -l)Sji , Rj j = a'^Rjj {l<j,l<m), 

S = a'^S + 2m{a'^ -1). 

In particular, if (M^"*+^, 0,^,77,3) is Einstein, then the Ricci tensor Ric is given by 

Ric = {(2m + 2)a^ - 2} g + {2m + 2)(1 - a^) r? (g) rj. 

2m+l 2m+l 

Proof We write [Ep, Eg] = ^ C'^gEr and [Ep, Eg] = ^m^r for all l<p,q,r < 

r=l r=l 

2m + 1. One easily verifies that 

P^w nC'"' P^2m+\ r-<2m+l P^w 2f~iw 

^uv ~ ^^uv ' '^uv ~ ^uv ' 2m+l ~ 2m+l ' 

^'"2^+1 = aCl^2^\i =0 {l<u,v,w<2m), 
and the lemma follows from these relations. Q.E.D. 

Any spinor field ip on M^™"'"^ can be identified with a corresponding spinor field ip on 
j^j2m+i^ and the covariant derivatives V, V as well as the Dirac operator D and D are 
related by 

Lemma 6.13 

(ii) bi) = aD^+{a^ -a)l-V^i)-^{a-lf^-l-^. 

Proof. Using the previous formulas we can compute the covariant derivative V in the 
spinor bundle of M^'^+i : 

Vg^V^ = aVEii^ = aV^-]^{a-l)Ej-i-^ , 
V^^ = aVEji^ = aV^ + ^{a-l)Ei-i-^ , 

= a^V^V' = a^V^-^(a^-l)$-V' • Q.E.D. 

Let us denote by ^^(M^^+^^f) the space of all Killing spinors on {M'^'^'^^,g) with 
Killing number r. Lemma 6.13 together with Lemma 6.2 yield the following 
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Theorem 6.14. 

(i) lfm = mod 2 and V'o € Ki{M^"^'^^,g) fl r(So) is a Killing spinor in Sq; then 

~ ~ 1 ~ ~ {m + l)a? — a — m -r 
VxV'o = —X-i^o + - '-^^ r/(X)^Vo- 

In particular, ipQ is a Sasakian quasi-Killing spinor on {M'^'^+^,(f),^,rj,g) of type 

a (m+l)(a^-l) ^ 
V2' 2 /• 

fiij If m = mod 2 anc? £ -f'^- i (-^^'"'''^, 5) H r(Em) is a Killing spinor in S^, 

2a 2o^ 
In particular, ipm is a Sasakian quasi-Killing spinor on (M^^+i, ^, rj, g) of type 

(1 (m+l)(a2-l) x 
V 2' 2 )■ 

(Hi) Ifm=l mod 2 and tp e K_i{M'^'^+^ , g) n (r(Eo) U T{T,m)) is a Killing spinor 
in Eq or in S^, then 

~ ~ ^ Y 7 {m + l)a'^ - a - m ~ ~ 
= "2^^-^ 2^^ 

/n particular, ip is a Sasakian quasi-Killing spinor on {M^'^+^,(f),^,rj,g) of type 



By Theorem 6.14 together with Theorem 6.7 we obtain the fohowing 

Corollary 6.15. Let (M'^'^~^^,(l),^,r],g) be a Sasakian- Einstein spin manifold {m > 2) 
and let V G K^{M'^"'+^ , g) n r(So) or tjj G K^i (M^^+i, 5) n r(S„) be a Killing 

spinor. Then ip is a WK-spinor on (M^'^+i , 0, ^, rj, g) that is not a Killing spinor if 
and only if a^ = m/2(m^ — 1). 



Remark. Theorem 6.9 is more general than Theorem 6.14 in the following sense: 

Rewriting b = 1 have = it h 1 > 0. Therefore, by a de- 

2 m + 1 

formation of Killing spinors one cannot prove the existence of Sasakian quasi-Killing 

spinors of type (i, b), b < m = mod 2 or of type (-5,6), b > 
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7 Solutions of the Einstein-Dirac equation that are not 
WK-spinors 



In this section we show that special types of product manifolds admit Einstein spinors 
that are not WK-spinors. For that purpose we need some explicit algebraic formulas 
describing the action of the Clifford algebra on tensor products of spinor fields. Let 
(M^^jQ'm) and {N'^,gN) be Riemannian spin manifolds of dimension 2p>2 and r > 2, 
respectively. Then the product manifold (M^^ x N^,gM x 9n) admits a naturally in- 
duced spin structure and the spinor bundle is the tensor product of the spinor bundles of 
M^P and . Let us denote by {Ei, • • • , i?2p) and (Fi, • • • , Fr) a local orthonormal frame 
on {M'^P,gM) and {N'^,gpf), respectively. Identifying (E'l, • • • , i?2p) and {Fi,---,Fr) 
with their lifts to {M'^p x N'^, gM x g]sf) we can regard {Ei, • • • , E2p, Fi, - ■ ■ , Fr) as a 
local orthonormal frame on (M^^ x N^,gM x gN)- Furthermore, we observe that if 
V'M and ip]\f are spinor fields on {M'^P,gM) and {N^,giy), respectively, then the tensor 
product tpM <8> V'Af is well defined on (M^** x N^, gM x gN)- Using the representation of 
the Clifford algebra (see Section 1) we can describe the Clifford multiplication on the 
product manifold: 

Lemma 7.1. (see [8]) For all 1 < j <2p and 1 < I < r we have 



Ei ■ Ej ■ {ipM ® iPn) = {Ei ■ Ej ■ iPm) ® i/jN , 
Fk-Fr {il)M ® iI^n) = ipM® [Fk ■ Fi ■ iI^n) , 

Ej ■ Fi ■ {iPm ®^n) = - Fr Ej ■ {iPm ^ ^n) = (V^)^ { {Ej ■ hm ■ ipu) «> {Fi ■ i/^n) } 
for all 1 < i, j < 2p and 1 < k,l < r. 

We denote by V'^ (resp. V^) the Levi-Civita connection and by Dm (resp. D^) 
the Dirac operator of {M'^^,gM) (resp. {N''',g]^)). From Lemma 7.1 we immediately 
obtain the following formulas for the covariant derivative V and the Dirac operator D 
of (M^f x7V,5M xyjv). 

Lemma 7.2. 



(V'M ® iPn) = {Ej ■ V'm) <^ IpN 



where hm = E^ 



A 



{ipM <X) iPn) = (-\/-l)*' {iJ-M ■ iPm) <X) {Fi ■ i/jn) , 

• A E^P is the volume form of {M"^^ , gM)- In particular, we have 



'^z{lpM ® iPn) 



{Km{Z) ^m) ®i^N + ^M® {"^^^iZ) i^N ) , 
{DmiI^m) <Si1pN + (-\/-l)^ {/J-M ■ tpM) <X) {DniJjn) , 



D{'tpM <X) iPn) 



D'^{iPm®'>1^n) 



{{Dm)'^^m} ®^N + i^M® {{DN)^tpN)} , 
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where ttm : T{M x N) — ^ T{M) , ttjv : T{M x N) — ^ T{N) denote the natural 
projections. 

The spinor bundle ^(M^p) of {M^P,gM) decomposes into ^(M^p) = J:+{M^p) 
S~(M^P) under the action of the volume form hm = A ■ ■ ■ A E'^p : 

E^{M^P) = {^e T,{M^P) : MM • V' = H^fi^}- 

We denote by V-'m ^ T {T/^ {M'^p)) the positive and negative part of a spinor field 
G r(S(M^^')), respectively. Furthermore, if we write 

< VM, IpM >= {^M, iPm) + Im < ipM, V'M > V^, 

and in a similar way for spinor fields on the manifold A*", then the following formulas 

< <^M <X) (/PAT, IpM <Si1pN > = < ^M,1pM >< <PN, i^N > 

and 

{<PM <Si <y2jv, V'M ® V'Af) = {^M,tpM){^N,'(pN) - Im < ipM,'(pM > Im < (fiN.i'N > 

hold. 

Lemma 7.3. Let tpM tpN be a Killing spinor on {M'^p^qm) and {N^,gN) with 
Dm^^m = ^M'4'M, / G M and DjyipN = ^N'>pN,^N / G respectively. Let us 
assume that < ip^, > = < -^m; ipu > and < X ■ ip^^, ip^ > = < X -ip^^ip^ > = 
hold for all vector fields X on M'^p . Then 

(i) if := {X + Xn (— 1)^}(V'm V'Af) + ^M{tpM ® V'Af) is a non-trivial eigenspinor 
of the Dirac operator D on {M'^p x N^,gM x 9n) with eigenvalue X, where X := 

^y/^M + ^N- In particular, we have {(p,(p) = A{A+AAr(— 1)^}(V'M, V'M)(V'iV, V'w)- 
(a) for all \ <i ^ j <2p and l<k^l<rwe have 

Ei-VE^V + Ej-VE^V = Fk-VFiV + Fi-Vp^V = 0. 
(Hi) for all 1 < i < 2p and 1 < k < r we have 

< Ei ■ VPkV + Fk ■ VEi<p ,<p>= 0. 

(iv) for all 1 < i < 2p and \ <k <r we have 

{Ei ■ Ve^^, = ^{A + A^(-in(V'M, V'm)(V'jv, iPn) , 
ip 

{Fk-Vpk^,^) = —{X + XN{-lf}{lpM,i^M){lpN,1pN). 
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Proof. We set ^ := (g) V'at and A := + A^. Since Dm^^m — ^Mip^, we see 

by Lemma 7.2 that 

= Am(V'm V-iv) + X%i^ti ® V-at) = Ab- 
using this fact and Lemma 7.2 one easily verifies that 

= {A + Ajv(-1)^}(V'm V'Tv) + Am (V^^ cg^ V-'iv) 
is an eigenspinor of the Dirac operator D. Moreover, we have 

{<p,ip) = A{A + AAr(-l)^}(V'M,V'M)(V'Ar>V'iv)- 
With respect to Lemma 7.1 and 7.2, we obtain for all 1 < i < 2p and 1 < fc < r 



^{A + XN{-ir}E, ■ {^M ^iv) - ^ 



Vf,V = -^{A + XNi-m^Pti ^ (Ek ■ Vat) - ^^V'm <^ (^fc • ^at) 

= -^{A + XNi-mi-lfEk ■ (^+ ® Vat) + ^^(-if • (V^^ ® Vat). 

Since F^ • Ej + Ej ■ Ei = ■ Fi + Fi ■ Fk = ior all 1 < i j < 2p and 1 < k I < r, 
the second statement (ii) is clear. Furthermore, from these equations it follows that 

Ei-VF.V' + Fk-VE,<P = {-^-^i-ir + ^i-irKEi-i;+)®{Fk-i^N) 

^XmXn XXm , AmAat,, ;-\^/z7 ; N 

-{— ^ + -^y~^> + ^^^''^^ ■ "^m) ® i^k ■ i^N) , 

and after multiplication by cp 

< Ei ■ Vf^V + Fk ■ Ve,^, ip> = 

= Am {-^ - ^i-ir + ^(-in < E, . i^ti.ru X Fk ■ ^N.i^N > 

-Am{^ + ^(-If + ^}{A + X^i-in < E, . X Fk ■ i^N, i^N > 

Using now the assumption < E^ ■ ip^ > = < Ei ■ ip^ > = we conclude that 

< Ei ■ V F^.'P + Fk ■ V , V > = ^- The last statement (iv) is easy to verify using the 
following equations: 
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Fk-VF,V = ^{A + Ajv(-in(-ir(^^®Viv) - ^^(-lf(V'M®^iv). Q.E.D. 

Grunewald proved in 1990 that the assumption on {M'^^^qm) in Lemma 7.3 is satisfied 
in case of a 6-dimensional simply connected nearly Kahler non-Kahler manifold. 

Lemma 7.4.(see [20]) Let {M^ , J^qm) he a 6-dimensional simply connected nearly 
Kahler non-Kahler manifold. Then (M^, J^gu) is an Einstein spin manifold admitting 
at least two Killing spinors ipM, with real Killing number > and —b^, respec- 
tively. Moreover, the Killing spinors ipM, have the following properties: 

(i) <lljM,tljM > = <i1^m,i/Jm> O'^d <(ptf,'PM> = <'PM,(PM> . 

(a) < X ■ ip^, ip'^ > = < X ■ (p'j^, (f'^ > = for all vector fields X. 



Examples of 6-dimensional simply connected nearly Kahler non-Kahler manifolds are 
the following homogeneous spaces (see [2]): 

= G2/SU{3) , CP^ = SO{5)/U{2) , F(l,2) = ?7(3)/;7(l) x ^7(1) x ^7(1), 
SO{5)/U{l) X SO{3) , SO{6)/U{3) , Spin{A) = x , Sp{2)/U{2). 

Now we prove the main result of this section. 

Theorem 7.5. Let {M^,J,gM) be a 6-dimensional simply connected nearly Kahler 
non-Kahler manifold and {N'^,g]\f) a Riemannian spin manifold admitting a Killing 

spinor tpN with Dj^ipN = Xj\[ipN , ^JV 7^ G K. Rescaling the metrics gM,gN we may 
assume that the scalar curvatures Sm,Sn satisfy the following relation: 



^ _ 3?-^ - 19r + G + y^(3r^ - 19r + G)' + 180 r^(r - 1) 
Sm ~ 30r 

Then the product manifold (M^ x N''\gM x g^) admits a positive (resp. negative) Ein- 
stein spinor with eigenvalue —\J\\/[ + (resp. ^ + ), where Am / € M is 
the eigenvalue of a Killing spinor ■i/'M on (M®, J^gu)- 



Proof. By Lemma 7.3 (i) the spinor field </? := (A — Xn){iP^ ^ + Am(V'm ^ 

a non-trivial eigenspinor of the Dirac operator of (M^ x N^,gM x gN) with eigenvalue 

A = ±\J X\j + A^. We will only treat the case of A = — X\j + A^ , the second case 

of A = ^ X\j + A^ is similar. Let us denote by Ricu and RicN the Ricci tensor of 
(M^, J,gM) and {N'^,gN), respectively. Then Ric = Ricm + RicN is the Ricci tensor 
of (M^ X N^, gM X gN) and we know that the scalar curvature S = Sm + Sn is positive. 
Moreover, Lemma 7.3 (ii)-(iii) directly yields the following facts: 

RicMiEi, Ej) - ^Sg{Ei, Ej) = ^T^iEi, Ej) = (1 < i 7^ j < 6) , 
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RicN{Fk, Fi) - -SgiFk,Fi) = - T^{Fk, Fi) = {I < k ^ I < r) , 

Ric{Ei,Fk) -]^Sg{E,,Fk) = ^T^{Ei,Fk) = (1 < i < 6 , 1 < fc < r). 

Therefore, (/? is a positive Einstein spinor if and only if the following relations hold (see 
Lemma 7.3 (iv)) : 

2RicMiEi, Ei) - {Sm + Sn) = ^(A - Ajv)(V'm, ^M)(V'iv, ^n) (1 < ^ < 6) , 

D 

\2 

(*2) 2RicN{Fk,Fk)-{SM + SN) = ^(A-Ajv)(V'M,^M)(V'iv,^Jv) {l<k<r). 

r 

Sm Sn 
Since RicMiEi, Ei) = and RicN{Ff;, F^) = — , the relations and (★2) are 

equivalent to 

(**) {X- \n){'4^mAm){'4^nAn) = {^-Sm-Sn)-^ = i'^^ - Sm - Sn)^- 

By inserting X\f = -^Sm and A^ = , J"^^^ ^ one checks that the second equation 
10 4(r — 1) 

of (**) is equivalent to the assumption (*) of the theorem. Moreover, one can choose 
the Killing spinors ^pM , i^N in such a way that the first relation of (**) is satisfied. 



Consequently, the spinor field (p with A = — y A|^ + A^ is a positive Einstein spinor. 

Q.E.D. 



Remark 1. The product manifold (M® x ,gM x gN) of the theorem does not admit 
WK-spinors (see Corollary 4.6 or Theorem 4.14) and, therefore, the Einstein spinor 
if = {X — Aiv)(V'M V'w) + Am(V'm V'w) cannot be a WK-spinor. 



Remark 2. The Ricci tensor Ric of (M^ x N^,gM x Bn) is given by Ric = 
^^9m + ^dN- Moreover, one verfies easily using the relation (*) of the theorem 
that (M® X ,gM x gN) is Einstein if and only if r = 6 and Sm = Sn- 



8 The 3- dimensional case 

In this section we investigate the Einstein-Dirac equation for 3-dimensional manifolds. 
If the scalar curvature S has no zeros, the Einstein-Dirac equation is equivalent to the 
weak Killing equation (see Theorem 3.6): 

1 2 A 1 

VxV' = ^dS{X)i; + —Ric (X) • V - AX • - —{*dS){X) ■ 

Let us assume that the scalar curvature of {M^,g) is constant, S = const 7^ 0. Then a 
WK-spinor is a solution of the equation 

Vxi^ = x\lRic{X)-2l;-X-A 
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and any WK-spinor is an eigenspinor of the Dirac operator. Moreover, A and the scalar 
curvature are related by the equation (see Theorem 4.2 (ii)) : 

8X^{S^ - 2\Ric\'^} = S^. 

Example: Consider the three-dimensional nilpotent Lie group Nil together with the 
left-invariant Riemannian metric 

g = ^dx'^ + ^dy^ + {dz - xdyf . 

The Ricci tensor has rank two and the eigenvalues coincide: 





1 


-2 








\ 


Ric = 







-2 









\ 











/ 



Therefore, we have S"^ — 1\Ric\^ = and / 0, i.e., Nil does not admit any WK-spinor. 

Proposition 8.1. Let {M^,g) be a Riemannian spin manifold of constant scalar cur- 
vature S and suppose that admits a WK-spinor. Then the length \Ric\^ of the 
Ricci tensor is constant. 

Remark: Proposition 8.1 holds in any dimension, see Theorem 4.2 (ii). 

We recall that a 3-dimensional Riemannian manifold is conformally flat if and only if 
the tensor 

K = —q — Ric 
4^ 

has the following property: 

{VxK){Y) = {VyK){X). 
In particular, any Ricci-parallel 3-dimensional manifold is conformally flat. 

Theorem 8.2. Let {M^,g) be a conformally fiat Riemannian spin manifold with con- 
stant scalar curvature S ^ and suppose that it admits a WK-spinor. Then S > is 
positive, (M^,g) is an Einstein manifold and the WK-spinor is a Killing spinor. 

Proof: Theorem 4.5 yields the necessary condition 

S ■ Ric^ - \Ric\'^Ric = 0. 
Fix a point in and diagonalize the Ricci operator in the tangent space: 



Ric 



Then we obtain the system of equations 

iA + B + C)A^ = {A^ + B^ + C^)A , 

{A + B + C)B'^ = {A^ + B^ + C^)B, 

{A + B + C)C^ = {A^ + B^ + C^)C . 



A 











B 











c 



38 



We discuss now its possible solutions. Suppose first that the rank of the Ricci tensor 
equals two, A = 0, B j/^ C. Then we obtain B = C. In this case the equation 
SA^jS^ — 2\Ric\^} = yields = 0, a contradiction. Consequently, the rank of the 
Ricci tensor equals lor3. li A ^ Q,B ^ Q and C 7^ 0, we immediately conclude 
A = B = C , i.e., is an Einstein space with positive scalar curvature 5 > 0. If the 
Ricci tensor has rank one, we have |i?icp = S"^ and, therefore, we obtain = — ^. 
We will prove that this case cannot occur. Let us fix an orthonormal frame E\,E2,E^ 
diagonalizing the Ricci tensor with A = B = Q and C = — 2. Denote by Uij the 1-forms 
of the Levi-Civita connection and let o"i , o"2 , (J3 be the dual frame of the vector fields 
Ei,E2,E3. Using the Ricci tensor we obtain the following structure equations: 

(Lji2 = Wis A t(;32 - (Ti A (72, 

dwis = u)i2 AUJ23 + CTi A as, 

(ku23 = ^21 A Wis + 0-2 A (T3. 

We compute the integrability conditions of this Pfafiian system and, in particular, we 
obtain the condition 

O"! A (72 A U\3 = (7i A (72 A UI23 = 0. 

Since is conformally flat with constant curvature, its Ricci tensor has the property 
(y xR'ic){Y) = (Vy-Ric)(X). This equation yields da^ = and a;i3, a;23 are multiples 
of (73. Consequently, uo\3 = ^23 = 0, a contradiction. Q.E.D. 

Remark: Theorem 8.2 is analogous to Theorem 4.9 in dimension n = 3. The second 
case that 5 < is impossible in this dimension. 

Example: Let be a surface of constant Gaussian curvature G 7^ 0. Then x 
is conformally fiat and does not admit a WK-spinor. 

Example: The 3-dimensional solvable Lie group Sol. The Lie group Sol is an extension 
of the translation group of the plane 

^ ^ Sol ^ ^ 0, 

where the element t G M acts in the plane via the transformation {x,y) — >■ (e^x,e~^y). 
We identify Sol with and then the group multiplication is given by 

{x, y, z) ■ (x', y', z') = {x + eT'^x' , y + e'-y' , z + z'). 

With respect to the left invariant metric of Sol 

ds'^ = e^^dx'^ + e-'^^dy'^ + dz^ 

and the orthonormal frame 

^ ^ d ^ ^ d ^ d 

Ei = e-'— , ^2 = eV > ^3 = ^ 
ox oy oz 



we calculate the Ricci tensor 



Ric ■■ 



/ 

0-2 
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Consequently, the Ricci tensor has rank 1 and S = —2 is constant. Denote by (Ji, cr2, 
the frame of 1-forms dual to E\,E2,E^. Then 

dai = — (Ti A (73 , (io"2 = (72 A (73 , c/o"3 = 

and, therefore, the 1-forms Uij of the Levi-Civita connection are given by 

L0\2 = , a;i3 = — (7i , a;23 = (^2- 
We realize the 3-dimensional Clifford algebra using the matrices 

Ei=\ ^ I , E2=\ \ , E2, 



Then we have 

771 771 771 77* 77* 77* 77* 77* 77* 

■ 11/2 — -£^3 , -C'2 ■ ^3 — -C'l ) -C'l ■ -C/S — — -C'2- 

The covariant derivative of a spinor field ^p : Sol ^ is given by 

VxV' = dtl^iX) - ^ai{X)Ei ■E3-^ + ^a2{X)E2 • ^3 • V'- 
We will solve the equation 

VxV' = A ||i?ic(X) ■ V - X • ^1 . 
Consider first the case of X = E^. Then we obtain 

^ = X-E3-^ 

and the solution of this equation is 

tpiz) = cxp(Az • E3) ■ ipo, 

where ipo = ipo{x, y) depends on the variables x and y only. The equations for X = 
El, E2 are: 

dih 1 

^-'^--Ei-E^-i^ = -X-Ei-4^, 
ox 2 

dth 1 

e'^ + -E2-E3-'iP = -A-E2-V- 
oy 2 

The spinor ipo has therefore to be constant and should be a solution of the two algebraic 
equations 

E3-tPo = 2XtPo = -2AV'o. 

We thus conclude that the 3-dimensional solvable Lie group Sol does not admit WK- 
spinors. Notice that any spinor field "(/^{z) = exp{XzE3) ■ ipo is an eigenspinor of the 
Dirac equation on Sol, D{ijj) = —Xip. 
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The Riemannian 3-manifold Sol does not satisfy a further necessary condition for a 3- 
manifold to admit a WK-spinor. In the formulation of this condition we use the vector 
product X X y of two vector fields on a 3-manifold defined by the formula 

X xY = _ x^Y'^)Ei + (x^y^ - X'^Y^)E2 + {X^Y^ - X^Y'^)E3. 

Then, for all vector fields X, Y and spinor fields i/j we have 

X-Y ■tp = -giX, Y)^^J -{X xY)-ip. 

Theorem 8.3. Let {M^,g) be of constant scalar curvature S ^ and assume that 
admits a WK-spinor with WK-number X. Then we have for all 1 < k < I < S 

(i) 8X^{2Ric{Ek) - SEk} X {2RiciEi) - SEi} + 8XS{(y E,Ric)iEi) - (V E^RicKEk)} 
= -S^Ek xEi + 2S^ Y^^RjAk + RikSji)Ei x Ej. 

i<j 

3 

(m) 8X^{SRic{X) - 2{Ric o Ric){X)} - 4A5 J^E^x {VE^Ric)iX) - S^Ric{X) = 0. 

u=l 

2X 

Proof. For shortness we set /? := —Ric — Aid. Then we have for all 1 < A; < i < 3 

R{Ek, Ei){^l^) = -\Y. ^iJklEi • S,- • V 

= {VeMEi) ■ ^ - {VEMEk) ■ + fi{Ei) ■ P{Ek) ■ V - P{Ek) ■ P{Ei) ■ ^. 
Using the properties of the vector product and the formula 

R-ijkl = Rjl^ik + Rik^jl — Rjk^il — R-il^jk + l^i^il^jk — ^ik^jl) 

one verifies the first equation. From Theorem 4.2 (i) we immediately obtain the second 
equation. Q.E.D. 

Corollary 8.4. Let {M^ ,(f),^,ri,g) be a non-Einstein Sasakian spin manifold of con- 
stant scalar curvature S ^ 0. Assume that {M^,(f),^,r],g) admits a WK-spinor with 

WK-number X. Then 5 = 1 ± s/E and X = — - — . 

Proof. With respect to an adapted frame {Ei, E2, E^ = ^) we have (see Section 6) 

"pl "p2 -1 -pS "pS pi p2 f\ 

23 — 13 — 5 11 — i 22 — 33 — 33 — ^ ' 

g 

Ru = R22 = ^1212 + 1 = — — 1 , -R33 = 2 , R12 = Ri3 = -R23 = 0. 

Furthermore, a direct calculation yields the following formulas for the components Rij-k 
of the covariant derivative of the Ricci tensor: i?23;i = — -Ri3;2 = f ~ 3 (all the other 
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Rij-.k vanish). Therefore, from Theorem 8.3 (i) (in case k = 1 and I = 2) and from 
Theorem 4.2 (ii) we obtain 

32A2 + 8A5(5-6)-52(5-4) =0 and = 8X'^{S^ - 2\\Ricf) = 32X'^{S - 3). 

Using these relations and the fact that {M^,(l),(,rf,g) is non-Einstein {S ^ 6), we 
calculate S=1±V5, A = (2 ± V5)/2. Q.E.D. 

In the 3-dimensional case we can prove the existence of Sasakian quasi-Killing spinors 
of type (a, 6) with a ^ it^ (see Theorem 6.9). Moreover, we will show that there 

exists a Sasakian quasi-Killing spinor of type (a, 6) = (_ 34V5 ^ ^"^4^ ) (resp. (a, 6) = 

(-^T^, ^T^)) which is a WK-spinor. 



Theorem 8.5. Let (M^, 0, ^, r/, g') he a Sasakian spin manifold. If {M^,(j),^,r],g) 
admits a Sasakian quasi-Killing spinor of type (a, 6), then 

either (a, 6) = - -, - - -j or (a,6) = (^ ^ , ^ j. 

Proof. Let {Ei, E2, = ^) be an adapted frame. Then we obtain —b = ^(1— 4a^— 4a6) 
and S = 24:0? + 16a6 from Lemma 6.4(ii). The first equation has two solutions: a = — | 
or 6 = i - a. Q.E.D. 



Theorem 8.6. Let {M^,(p,S^,r],g) be a simply connected Sasakian spin manifold with 
constant scalar curvature S. Then 

(i) there exist two Sasakian quasi-Killing spinors ipo, ipi of type (—5, f — f) such that 
ipa *5 0, section in the bundle Sq {a = 0,1). Unless ipo (resp. ipi) is a Killing 
spinor, ipo (resp. tpi) is not a WK-spinor. 

(ii) If S > —2, there exists a Sasakian quasi-Killing spinor if) of type ( ~^^"^^"^ — , 
^^^^'^^ ) • If S = y/E, then there exists a Sasakian quasi-Killing spinor ip' of 
type (-^^^, ^^^) which is a WK-spinor with WK-number . If S = 1-V5, 
then there exists a Sasakian quasi-Killing spinor ip" of type {—^—^, ^~/^ ) which 
is a WK-spinor with WK-number ■ 



Proof. Let us introduce a connection V by the formula 

VxV' := VxV' - aX • V - br]{X)^ ■ tp {a,b e R). 

In a first step we will show that V is a connection in Sq (resp. Si) if and only if 
a = —\. We shall only treat the case of Sq, the second case is similar. The bundle Sq 
is defined by one of the equivalent conditions: 

^ • = or <^(-^) • ^ + \p^X ■ if — r]{X)(p = for all vectors X. 

For any section ip in this bundle we calculate 

^■Vxi^ = ^■{Vxi^-aX-tP-b7jiX)C-iP} 
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4VxV' + 0(^) • -0 - a\r^X • V + (2a + b)ri{X)^ 
= -V^Vxip - V^X ■ ^ + r}{X)il) - a^f^X ■ tp + {2a + b)r]{X)tp 
^{VxV' + (a + 1)X • ^ - (2a + 6 + l)r7(X)^ • V}. 

Thus VjfV' is a section in the bundle So if and only if —a = a+1 and —6 = — (2a+6+l), 
i.e., a = As for the second step, we claim that the curvature tensor R{X, Y){}p) := 
VxVy(/? — VyV XV — ^[x,Y\V vanishes identically in S = Sq Si if and only if 
(a, 6) = (-i, I - f ) or (a, 6) = ( -2±V4+25 ^ i^VWlS y A direct calculation yields the 
formula 

R{X,Y){v) = R{X,Y){ip)+a''{X-Y-Y-X)-ip-2bg{X,^Y)^-ip 
-2abr){X)Y ■ ^ ■ (f + 2abr]{Y)X + br]{Y)(f){X) ■ (p - bri{X)(P{Y) ■ ip . 

Using -Ri3i3 = i?2323 = 1 and i?i2i2 = f - 2 we obtain 

R{E,,E2){ip) = (j-l-2a^ + 2b)Es-ip , 

R{Ei,E3){ip) = (^-^ + 2a'^ + 2ab + b)E2-ip , 

R{E2,E3)i<p) = {^-2a^-2ab-b)Ei-ip . 

Thus R{X,Y){ip) vanishes identically in S if and only if 
g 1 

- - 1 - 2a^ + 26 = -- + 2a^ + 2a6 + 6 = 0. 
4 2 

We first consider the case that (a, 6) = (— ^, f — |-)- By the first and second step 
there exist non-trivial V-parallel sections ipo G r(So) and ipi G r(Si), i.e., ipo and xpi 
are Sasakian quasi-Killing spinors of type (o, 6) = (— ^, | — f )■ Suppose that ^ is a 
Sasakian quasi-Killing spinor of the type {a,b) = (— f ^ f ) which is a WK-spinor 
with WK-number A. Inserting Ric = (f — 1)5 + (3 — |-)?7 r) and A = into 

Vx^ = ^Ric{X) • V - AX • V = —X ■ + ^—^r]{X)i ■ V 

we obtain 

Therefore, 5 = 6 and {M^,(j),^,r],g) is Einstein. All in all, wc have proved the first 
part (i) of our theorem. Now we consider the case that (a, 6) = ( ~^^^^^ — , ^^-^^j^^). 
Again, there exists a non-trivial section tp G T{T, = Sq © Si) with Vip = 0, i.e., Tp 
is a Sasakian quasi-Killing spinor of type { ~^^^^~^ —, ^^^4^^'^ )- In particular, in case 
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S = I + \/5, there exist a Sasakian quasi-Killing spinor cp' of type (— , ^"4 ) 
and a Sasakian quasi-Killing spinor ■0' of type {— ^-^-^ , ^-^-^) ■ By direct calculation 
one verifies that ip' is a WK-spinor with WK-number {f' is not a WK-spinor). 

Similarly, in case 5 = 1 — \/5, there exists a Sasakian quasi-Killing spinor ip" of type 
(-^^, which is a WK-spinor with WK-number ^=^. Q.E.D. 



Remark. Let {M^ ,(j),^,ri,g) be a 3-dimensional simply connected Sasakian spin 
manifold with constant scalar curvature S > —2. Th en ther e exists a deformation 

{M^,(f),^,rj,g) of the Sasakian structure with a = \/3 ± \/5y/ s/S + 2 (in this case 

5 = 1 lb -v/5, sec Lemma 6.12 (ii)) such that {M^,^, ^,rj,g) admits a WK-spinor with 
WK-number 

Example. Let {S^,g) be the standard sphere of constant sectional curvature 1. Fix a 
global orthonormal frame (£^1, £'2, -E3) such that 

[Ei,E2] = 2Es , [E2,Es] = 2Ei , [Es,Ei] = 2E2. 

Wc define a (1, l)-tensor field </> : T{S^) — > T{S^) by (l){Ei) = E2, (p{E2) = -Ei and 
^(£^3) = 0. Then {(j), ^ = £3, 77 = E^, g) is a Sasakian structure on the round sphere 
S^, which can be deformed into a family of Sasakian structures depending on a positive 
parameter such that (see Lemma 6.11 and 6.12): 
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Ric = (4a2 - 2)g + 4(1 - a^)^ ^rj , S = 8a 

If = ^^g^ , we have 5 = 1 it ^/5 and hence, by Theorem 8.6, the deformed Sasakian 
metric {S^,(f>,^,rj,g) admits a WK-spinor with WK-number A = 



Example. Let us consider the 3-dimensional non-compact manifold {SL{2,'E.), g) with 
the global orthonormal frame {Ei, E2, E3): 

We define a (1, l)-tcnsor field (j) : T{SL{2, M)) — > T{SL{2, R)) by 0(£i) = E2 , (^'(£2) = 
—El and (t){E^) = 0. Then ((/> , ^ = £3 , ry = £^ , 5) is a Sasakian structure on SL{2, R) 
with Ricci tensor Rn = R22 = —6, i?33 = 2. The deformation of this Sasakian 
structure has the following Ricci tensor 

Ric= {-4a'^ -2)g + 4:(l + a^)rj(^fi , S = -Sa^-2. 

Since S = —So? — 2 7^ 1 — y/h for all a G M, any deformed Sasakian manifold 
(S'L(2,R),0,^, ?7, ^) does not admit a WK-spinor (see Corollary 8.4). 

Including the group E{2) of all motions of the Euclidean plane there are 9 classical 
3-dimensional geometries. In the next table we list the types of their special spinors. 
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Space 


Spinor 




parallel spinor 




imaginary Killing spinor 




real Killing spinor, WK-spinor 


§^ X 


no WK-spinor 


X w 


no WK-spinor 




no WK-spinor 


Nil 


no WK-spinor 


Sol 


no WK-spinor 




no WK-spinor 



Remark. Probably there are 3-dimensional Riemannian spin manifolds of constant 
scalar curvature admitting WK-spinors that do not arise from an underlying contact 

structure. However, we do not know an explicit metric of this type. It turns out that 
the existence of a WK-spinor on a 3-dimensional manifold is equivalent to the existence 
of a vector field ^ of length one such that its covariant derivative Vx^ is completely 
determined by the Ricci tensor of the manifold. More generally, let {M^,g) be a 
3-dimensional simply connected Riemannian spin manifold with a fixed (1, l)-tensor 
A : r(M^) T{M^). Any solution tp of the diflFerential equation 

Vxip = A{X) ■ ^ 

defines a vector field ^ of length one such that 

Vx^ = 2^xA{X) 

and vice versa. Indeed, given the spinor field ip we define the vector field ^ by the 
formula 

^ ■ ip = sZ—ltp. 

Differentiating the equation VxV' = ^i^) ' we immediately obtain the differential 
equation for the vector field ^. Conversely, if ^ is a vector field of length one we define 
the 1-dimensional subbundle Sq of the spinor bundle E(M^) by the algebraic equation 

So = e S(M=^) : C • V' = V^V'}. 

The formula VxV' •= VxV' ~ ^i^) " V' defines a connection V in the bundle Sq. How- 
ever, the integrability condition of the equation Vx^, = 2^ x A[X) is not equivalent 
to the fact that (So,V) is a flat bundle. We apply now this general remark to the 
situation of a WK-spinor and obtain the 

Corollary. Let {M^,g) be a 3-dimensional simply connected Riemannian spin manifold 
of constant scalar curvature S ^ Q and suppose that the length of the Ricci tensor 
|i?icp / is constant, too. If admits a WK-spinor, then there exists a vector 
field ^ such that 
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holds for all vectors X e T{M^). 

We finish this section by showing the existence of a WK-spinor on a 3-dimensional 
conformally flat manifold that has non-constant scalar curvature (see Theorem 8.2). 

Example. Let (R^,^) be the 3-dimensional Euclidean space with the standard flat 
metric. Let us denote by (61,62,63) the standard basis of and by {x,y,z) the 
coordinates. We now consider a conformally equivalent metric g := e^'^'^'^g, c 7^ G R. 
We denote by (61,62,63) the global orthonormal frame on (M^,^) with ei = 61,62 = 
62; 63 = 6'^^ 63. By a direct calculation one verifies that 

^13 = r23 = — ce*^^ and all the other ChristofFel symbols vanish , 
Ru = R22 = —c^e^'^^ , ii!33 = R12 = Ri3 = R23 = ) 

5=-2cV^^ , S3 = -4cV^^ , 5,1 = 5,2 = 0, 

where 5,^ denotes the directional derivative of the scalar curvature S toward e^. There- 
fore, the WK-equation on (M^,^) is expressed as 

^eiV' = ^e^^e2 • 4' , V~ = -^e^'ei ■ , V~ = ce^'i^ - A?3 • , 

where ij^ = {u{x,y, z),v{x,y, z)) is a spinor field on (R^,^). We can choose ip so that 
■0 = {u{z),v{z)) depends only on the third coordinate z. Then the first two equations 
are always satisfied and the WK-equation reduces to 

= ■0,3 = ce'^'^V' - Ae3 • V'- 
The solution is given by A = ibc and 

u = p6""{sin(e-^^) + V^cos{e-^')} , 

V = ±pe'=^{cos(6-'=^) - V^sin(6-'=^)} , 

where p 7^ G C is a complex number. Thus = (") is a WK-spinor on (R^,^) with 
WK-number ibc. 
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